Twist-spun knots by Strickland, Paul Martin
Durham E-Theses
Twist-spun knots
Strickland, Paul Martin
How to cite:
Strickland, Paul Martin (1984) Twist-spun knots, Durham theses, Durham University. Available at
Durham E-Theses Online: http://etheses.dur.ac.uk/7463/
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in Durham E-Theses
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full Durham E-Theses policy for further details.
Academic Support Oﬃce, Durham University, University Oﬃce, Old Elvet, Durham DH1 3HP
e-mail: e-theses.admin@dur.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk
T w i s t - S p u n Knots 
P a u l M a r t i n S t r i c k l a n d 
Department of M a t h e m a t i c a l S c i e n c e s 
J u l y 1984 
The copyright of this thesis rests with the author. 
No quotation from it should be published without 
his prior written consent and information derived 
from it should be acknowledged. 
S u b m i t t e d f o r the degree o f Doctor o f P h i l o s o p h y 
U n i v e r s i t y of Durham 
i i 
ABSTRACT 
We a t t e m p t t o answer two q u e s t i o n s ; f o r q g r e a t e r t h a n one, 
when i s a s i m p l e ( 2 q - l ) - k n o t t h e branched c y c l i c c o v e r o f a n o t h e r 
such k n o t ? and, f o r q s u f f i c i e n t l y l a r g e t o e n s u r e t h e e x i s t e n c e 
of an a p p r o p r i a t e c l a s s i f i c a t i o n theorem, when i s a ( 2 q ) - k n o t t h e 
m - t w i s t - s p i n of s u c h a k n o t ? The methods used w i l l be m a i n l y 
a l g e b r a i c , i n c l u d i n g some a r i s i n g from t h e t h e o r y o f p r o j e c t i v e 
modules o v e r an i n t e g r a l group r i n g . The work i s o r i g i n a l e x c e p t 
where r e f e r e n c e s i n d i c a t e o t h e r w i s e ; p a r t of c h a p t e r 1 has been 
p u b l i s h e d p r e v i o u s l y a s [ S t ] . 
i i i 
INTRODUCTION 
I n t h i s t h e s i s we c o n s i d e r two r e l a t e d q u e s t i o n s ; when i s an 
o d d - d i m e n s i o n a l s i m p l e knot the b r a n c h e d c y c l i c c o v e r o f a n o t h e r 
k n o t ? and when i s an e v e n - d i m e n s i o n a l knot t h e m - t w i s t - s p i n o f an 
o d d - d i m e n s i o n a l one? The second q u e s t i o n has a l r e a d y been 
c o n s i d e r e d by R . A . L i t h e r l a n d i n [ L i ] i n o r d e r to show t h a t we may 
use a c o n s t r u c t i o n o f R.H.Fox c a l l e d " r o l l i n g " i n c o n j u n c t i o n 
w i t h the t w i s t - s p i n n i n g c o n s t r u c t i o n t o o b t a i n k n o t s which c a n n o t 
be o b t a i n e d by s i m p l y t w i s t - s p i n n i n g a knot; i n our c a s e the 
q u e s t i o n i s m o t i v a t e d by work o f C h e r r y K e a r t o n on spun k n o t s i n 
[ K 3 ] . We work i n the p i e c e w i s e l i n e a r c a t e g o r y throughout; and 
a l l embeddings and i s o t o p i e s w i l l be assumed t o be l o c a l l y f l a t . 
The methods used a r e m o s t l y a l g e b r a i c , making use of t h e 
c l a s s i f i c a t i o n theorems o f K e a r t o n and Kojima ( [ K l ] , [ K o ] , [ K 2 ] ) ; 
u n f o r t u n a t e l y t h e g e o m e t r i c i n v e s t i g a t i o n s have been l e s s 
s u c c e s s f u l ( s e e c h a p t e r 5 e s p e c i a l l y ) . 
I n t h e f i r s t c h a p t e r we o b t a i n an a l g e b r a i c c o n d i t i o n f o r an 
o d d - d i m e n s i o n a l s i m p l e knot to be t h e m-fold branched c y c l i c 
c o v e r o f a n o t h e r , and g i v e two s u f f i c i e n t c o n d i t i o n s on the 
module o f a knot w h i c h e n s u r e t h a t t h e knot may o n l y be the 
i v 
m -fold branched c y c l i c c o v e r o f f i n i t e l y many k n o t s f o r any v a l u e 
o f m. I n the second we d e s c r i b e Zeeman's d e f i n i t i o n o f t h e 
t w i s t - s p i n n i n g c o n s t r u c t i o n , and we show how to c a l c u l a t e the 
A l e x a n d e r modules of a t w i s t - s p u n knot v i a an e x a c t sequence 
w h i c h i s due t o M i l n o r . We a p p l y t h i s t o t h e t w i s t s p i n n i n g o f 
t h e s i m p l e k n o t s whose modules may be c o n s i d e r e d a s modules o v e r 
c e r t a i n Dedekind domains, d e s c r i b e d by E v a B a y e r i n [ B a ] ; and, i n 
t h e s p e c i a l c a s e o f k n o t s whose modules a r e modules o v e r t h e r i n g 
o f i n t e g e r s o f some c y c l o t o m i c f i e l d , we c a l c u l a t e t h e modules i n 
s u c h a way a s t o be a b l e t o compare them. 
C h a p t e r 3 a t t a c k s t h e second q u e s t i o n s t a t e d above. N e c e s s a r y 
c o n d i t i o n s f o r a module t o belong t o an m - t w i s t spun s i m p l e k n ot 
a r e d e r i v e d , and we i n t r o d u c e two s p e c i a l c l a s s e s o f f i n i t e k n o t 
modules i n the hope o f b e i n g a b l e t o i d e n t i f y e x a c t l y w h i c h k n o t s 
whose modules f a l l i n t o t h e s e c l a s s e s may be o b t a i n e d by t he 
t w i s t - s p i n n i n g p r o c e s s . We a l s o i n v e s t i g a t e t h e L e v i n e , or 
t o r s i o n , p a i r i n g a s s o c i a t e d w i t h a t w i s t - s p u n knot, and show t h a t 
i n each o f t h e s p e c i a l c a s e s we c o n s i d e r , t h i s n e v e r p r o v i d e s any 
f u r t h e r o b s t r u c t i o n t o a k n o t ' s b e i n g t w i s t - s p u n . 
C h a p t e r 4 i n t r o d u c e s some a l g e b r a i c m a c h i n e r y t o t a c k l e the 
most s e n s i t i v e o b s t r u c t i o n t o a k n o t ' s b e i n g t w i s t - s p u n , namely 
t h a t t h e p r o j e c t i o n o f i t s o r d e r i d e a l t o t h e r i n g Z [ t , t"'] / ( t * * - l ) 
must be p r i n c i p a l and g e n e r a t e d by a s e l f - c o n j u g a t e e l e m e n t ; and 
we g i v e two examples t o show t h a t t h i s o b s t r u c t i o n i s n o t 
V 
vacuous„ 
I n c h a p t e r 5 we i n v e s t i g a t e t h e c a s e o f a s i m p l e 
e v e n - d i m e n s i o n a l knot whose modules a r e Z - t o r s i o n f r e e , and 
a t t e m p t t o a n a l y z e t h e geometry o f the s i t u a t i o n ; t h e r e s u l t s 
a r e i n c o m p l e t e , a l l f o l l o w i n g from t h e s i m p l e s t n e c e s s a r y 
c o n d i t i o n d e r i v e d i n c h a p t e r 3. I n the appendix we have 
c o l l e c t e d t o g e t h e r some a l g e b r a i c r e s u l t s which a s s i s t v a r i o u s 
c a l c u l a t i o n s , r e f e r e n c e d a s ( R i ) o r ( A i ) i n the t e x t , where i 
d e n o t e s an i n t e g e r . 
Due t o the p r i n t e r used t o produce t h i s t h e s i s , some o f t h e 
n o t a t i o n i s s l i g h t l y n o n - s t a n d a r d ; i n p a r t i c u l a r , t h e c a p i t a l 
l e t t e r s Q and Z w i l l a l w a y s be used t o denote the f i e l d o f 
r a t i o n a l numbers and the i n t e g e r s r e s p e c t i v e l y . 
I t o n l y r e m a i n s t o e x p r e s s my t h a n k s ; t o my s u p e r v i s o r , C h e r r y 
K e a r t o n , f o r s u g g e s t i n g t h e s e two q u e s t i o n s , and f o r t h e s u p p o r t 
and encouragement he h a s g i v e n me t h r o u g h o u t my s t a y i n Durham; 
t o S t e v e W i l s o n , who p a t i e n t l y i n t r o d u c e d me t o much o f t h e 
number t h e o r y , e s p e c i a l l y t h a t used i n c h a p t e r 4; and t o t h e 
computing s e r v i c e s a t Durham and N e w c a s t l e f o r the u s e o f t h e i r 
f a c i l i t i e s , w h i c h I have made use o f f o r v a r i o u s c a l c u l a t i o n s , 
and i n p r o d u c i n g t h i s document. 
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1 BRANCHED CYCLIC COVERS OP SIMPLE KNOTS 
1.1 DEFINITIONS 
L e t k : S a > s a r i denote an n-knot, N t h e i n t e r i o r o f a 
r e g u l a r neighbourhood o f k ( S r t ) , and K t h e e x t e r i o r o f t h e 
knot, w h i c h w i l l be S^XN. k ( S a ) has a t r i v i a l normal bundle, 
so t h e c l o s u r e o f N i s homeomorphic t o S^XB* • By A l e x a n d e r 
d u a l i t y , H # ( K ) S H ^ ( S ' ) ; so we may form the i n f i n i t e c y c l i c 
c o v e r IT o f K c o r r e s p o n d i n g t o t h e k e r n e l o f t h e Hurewicz 
homomorphism 7t,(K) —* H,(K)SZ; and the f i n i t e c y c l i c c o v e r 
c o r r e s p o n d i n g t o the k e r n e l o f t h e c o m p o s i t i o n o f t h i s map 
w i t h the n a t u r a l s u r j e c t i o n Z->Z r A. To c o n s t r u c t t h e m-fold 
branched c y c l i c c o v e r K^, we g l u e t h e m-fold c y c l i c c o v e r o f 
N, branc h e d a l o n g k, i n t o It^; t h e b r a n c h s e t t h e n g i v e s us a 
n a t u r a l embedding k :SA -> K f c. I n the f i r s t c h a p t e r we w i l l 
be i n t e r e s t e d i n the c a s e where K^ i s a n o t h e r ( n + 2 ) - s p h e r e , 
so t h a t k i s a knot. 
The i n v a r i a n t s o f t h e knot w h i c h w i l l i n t e r e s t us (and, i n 
the s i m p l e c a s e , c l a s s i f y t h e knot type) w i l l be a s s o c i a t e d 
w i t h t h e i n f i n i t e c y c l i c c o v e r K, t o g e t h e r w i t h t h e 
homeomorphism t g e n e r a t i n g t h e group o f c o v e r i n g 
t r a n s l a t i o n s , t w i l l a l s o be used ( a m b i g u o u s l y ) t o denote t h e 
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g e n e r a t o r of t h e r i n g £\_=Z [ t , t ~ ' ] of L a u r e n t p o l y n o m i a l s and 
the i nduced homomorphism o f c h a i n g r o u p s and homology groups 
o f the v a r i o u s c o v e r i n g s p a c e s o f K, t a k i n g t t o be t h e 
i d e n t i t y on t h e knot i t s e l f . The A l e x a n d e r modules of k a r e 
t h e homology groups o f I f , c o n s i d e r e d a s A-modules v i a the 
a c t i o n o f t . 
To d e t e r m i n e whether i s a s p h e r e , we use the f o l l o w i n g 
s h o r t e x a c t sequence o f c h a i n g r o u p s ; 
C (K) C (K) C (K ) 
* m 
which l e a d s t o M i l n o r ' s long e x a c t sequence o f homology 
modules; (CM1]) 
t m - l 
. . . — > H (R) > H (fT) > H (IT ) — — > H (R) —>. . . 
q q q m q-1 
— > H (R) > a (Kf) > H (K ) » H (ft) — > fl (K) 
1 1 1 m 0 0 
I f i s a s p h e r e , t h e n R K must be a homology S 1 , by 
A l e x a n d e r d u a l i t y ; so l - t " * must a c t a s an automorphism o f 
H^(ff) f o r a l l q>0. C o n v e r s e l y , i f 1 - t * does so a c t , t h e n K M / 
which c a n be o b t a i n e d from K by a t t a c h i n g a two-handle 
( k i l l i n g the f i r s t homology g r o u p ) , and an ( n + 2 ) - h a n d l e , w i l l 
be a homology s p h e r e . I f we have H", (K) =Z, t h e n the 
fundamental group o f w i l l a l s o be i n f i n i t e c y c l i c , and 
t h u s be k i l l e d by a t t a c h i n g t h e two-handle; so t h a t K ^ w i l l 
be a s i m p l y c o n n e c t e d homology s p h e r e , hence a homotopy 
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s p h e r e . U s i n g t h e g e n e r a l i s e d P o i n c a r e c o n j e c t u r e , we then 
have t h e f o l l o w i n g ( p r o b a b l y a l r e a d y known) r e s u l t ; 
P r o p o s i t i o n 1 / P r o v i d e d n + 2 > 5 and K,(K)=Z, t h e n t h e m-fold 
branched c y c l i c c o v e r k ^ of k w i l l be a g e n u i n e knot i f and 
o n l y i f l - t * * 1 i s an automorphism o f Hj,(K) f o r q>0.// 
Suppose now we have t h e s i t u a t i o n where k i s the m-fold 
branched c y c l i c c o v e r ( b . c . c . ) o f a knot _1. The i n f i n i t e 
c y c l i c c o v e r IT o f 1 i s t h e same a s I f ; but i t i s a c t e d on by a 
group o f c o v e r i n g t r a n s l a t i o n s g e n e r a t e d by a homeomorphism 
u, which we may choose so t h a t u"*=t. We w i l l s i m i l a r l y use u 
to denote in d u c e d maps, and a s a g e n e r a t o r o f Z [ u , u - ' ] . I n 
a t t e m p t i n g t o c h a r a c t e r i s e w h i c h k n o t s k c a n a r i s e a s 
branched c y c l i c c o v e r s , we s h a l l be t r y i n g t o c o n s t r u c t 
s u i t a b l e c a n d i d a t e s f o r 1. We s h a l l t h e r e f o r e work w i t h 
c l a s s e s o f k n o t s which have been c l a s s i f i e d by a l g e b r a i c 
i n f o r m a t i o n , t h e b e s t known examples b e i n g t h e s o - c a l l e d 
s i m p l e k n o t s . 
1.2 SIMPLE KNOTS 
We have a l r e a d y noted t h a t t h e e x t e r i o r o f a knot i s a 
homology S 1 ; by L e v i n e ' s u n k n o t t i n g theorem, i f 7t^(K) S T T ^ S 1 ) 
f o r i ^ q , where k i s e i t h e r a ( 2 q - l ) - or a ( 2 q ) - k n o t , t h e n k 
- 4 -
i s u n k n o t t e d , i . e . k ( S a ) bounds a d i s c i n S N + X . We s a y k i s 
s i m p l e i f TTi. (K) =TXi ( S 1 ) f o r i<q. We deduce t h a t rt;(fif) =0 f o r 
i<q; then t h e f i r s t A l e x a n d e r module of k which may be 
n o n - t r i v i a l i s H^(K) STX^(K) , by the Hurewicz theorem. 
A d d i t i o n a l i n f o r m a t i o n w h i c h e n a b l e s us to c a l c u l a t e t h e 
h i g h e r d i m e n s i o n a l A l e x a n d e r modules and t o c l a s s i f y t h e 
o d d - d i m e n s i o n a l k n o t s i s summed up i n two d u a l i t y p a i r i n g s ; 
one on t h e t o r s i o n - f r e e p a r t s F ^ o f Hj^Sf) ; and t he o t h e r on 
the t o r s i o n p a r t s , denoted T h . Both a r e d e s c r i b e d by L e v i n e 
i n [ L 2 ] . We s h a l l w r i t e t h e two p a i r i n g s a s f o l l o w s ; 
<,>:F XF »Q(t)/A 
k n-k+1 
[,] :T XT *Q/Z 
k n-k 
Suppose A i s any A-module w i t h A a c t i n g on t h e l e f t by 
( / U a ) i > "Xa. We d e f i n e t h e c o n j u g a t e module A t o have t h e 
same u n d e r l y i n g a b e l i a n group s t r u c t u r e a s A, but w i t h /\^ 
a c t i n g on t h e r i g h t by ( a , A ) i > ^ a , where t h i s bar d e n o t e s 
t h e i n v o l u t i o n o f A i n d u c e d by ti >t~' (and a l s o t h e 
i n v o l u t i o n i n h e r i t e d by q u o t i e n t modules of A)• The above 
p a i r i n g s t h e n g i v e d u a l i t y isomorphisms; 
- 5 -
F s H o m ( F , Q ( t ) / A ) 
k n-k+1 
by x i — * (y i—*> <x„y>) 
and ~T~=Hom(T ,Q/Z) 
k n-k 
by (b i — * [ a , b ] ) 
T h e s e d u a l i t y isomorpisms show t h a t H^(K) i s the o n l y 
n o n - t r i v i a l A l e x a n d e r module i f n=2q-l i s odd, when i t must 
a l s o be t o r s i o n - f r e e ; i f n=2q, t h e n H^ftc) and H^ + ((K) a r e the 
o n l y two p o s s i b l y non-zero modules, w i t h the l a t t e r 
n e c e s s a r i l y t o r s i o n - f r e e . 
The t o r s i o n p a i r i n g i s c o m p l i c a t e d t o d e s c r i b e i n g e n e r a l ; 
a s i m p l e r d e s c r i p t i o n f o r t h e c a s e where k i s a f i b r e d 
e v e n - d i m e n s i o n a l knot w i l l be used i n c h a p t e r 2. The 
d e s c r i p t i o n o f t h e t o r s i o n - f r e e p a i r i n g g i v e n by B l a n c h f i e l d 
w i l l be u s e d l a t e r i n t h i s c h a p t e r when we come t o c a l c u l a t e 
the p a i r i n g of an o d d - d i m e n s i o n a l s i m p l e knot g i v e n the 
p a i r i n g o f i t s branched c y c l i c c o v e r ; s i n c e o d d - d i m e n s i o n a l 
s i m p l e k n o t s a r e c l a s s i f i e d by t h e i r module and p a i r i n g 
( [ K l ] , [ T ] ) , t h i s w i l l e f f e c t i v e l y e n a b l e us t o deduce t h e 
type o f s u c h a knot from t h a t o f i t s b r a n c h e d c y c l i c c o v e r . 
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1.3 RELATIONSHIP BETWEEN THE MODULES AND PAIRINGS 
We r e t u r n to the s i t u a t i o n we had a t t h e end o f s e c t i o n 
( 1 . 1 ) , where k i s the m-fold branched c y c l i c c o v e r o f 1. We 
may t a k e t h e i r i n f i n i t e c y c l i c c o v e r s t o be both K, w i t h 
c o r r e s p o n d i n g g e n e r a t o r s o f t h e groups o f c o v e r i n g 
t r a n s l a t i o n s g i v e n by t and u r e s p e c t i v e l y , where t=u' A. The 
A l e x a n d e r modules o f 1 w i l l t h e n be t h e same a s t h o s e f o r k, 
but c o n s i d e r e d a s modules o v e r Z [ u , u _ 1 ] v i a the induced a c t i o n 
of u. Suppose t h a t k and 1 a r e both o d d - d i m e n s i o n a l s i m p l e 
k n o t s ( i f one i s , they c l e a r l y both a r e ) ; and denote t h e i r 
n on-zero modules by A t and A„_ r e s p e c t i v e l y . We may w r i t e 
down t h e i r B l a n c h f i e l d p a i r i n g s <,> t and <,>«, a s f o l l o w s . 
Take two e l e m e n t s a,b of A t=H < v('K). A t i s a A - t o r s i o n 
module, so t h e r e e x i s t s a non-zero £ ( t ) * A such t h a t £a=0. 
Choose a t r i a n g u l a t i o n o f K i n d u c e d by a t r i a n g u l a t i o n o f t h e 
e x t e r i o r o f 1 ( s o t h a t i t w i l l be a c t e d on by u) ; and l e t C«j, 
be t h e group o f q - c h a i n s , and C^, t h e group o f ( q + 1 ) - c h a i n s 
i n t h e d u a l t r i a n g u l a t i o n . As £a=0, we may choose an element 
a o f C^, whose boundary r e p r e s e n t s £a; we a l s o c h o o s e B « C ^ 
r e p r e s e n t i n g b. Then we d e f i n e ( [ B ] , [ K l ] ) ; 
ca i i -1 
<a,b> = ( £ I ( 3 , t B) t )/£(t)£ Q ( t ) / Z [ t , t ] 
t i=-*> 
oo i i in - l 
<a,b> = ( 2 ] B)u )/£(u ) e. Q ( u ) / Z [ u , u ] 
u i = - o o 
where I ( , ) d e n o t e s i n t e r s e c t i o n numbers o f c h a i n s . We now 
group the second i n f i n i t e sum i n t o groups o f powers o f u 
ha v i n g the same v a l u e modulo m. L e t M be a compl e t e s e t o f 
r e p r e s e n t a t i v e s o f t h e i n t e g e r s modulo m, f o r i n s t a n c e 
{ 0 , 1 , . . . , m - l } . Then we have; 
k * 2 , im+k im m 
<a,b> = (2^u 2 j l ( a , u B ) ) ( u ))/£(u ) 
u k«M i=-<*> 
v-, k _ i k m i m = 2_,u ( ZLu 1 ( 8 , t (u B ) ) ( u ) )/£(u ) 
k k 
= Z_,u . 0 < a , u b> 
k*M t 
-1 -1 
where 9 : Q ( t ) / Z [ t , t ] * Q ( u ) / Z [ u , u ] i s d e f i n e d by 
m 
f ( t ) I • f (u ) . 
.4 WHICH ODD-DIMENSIONAL SIMPLE KNOTS ARE BRANCHED CYCLIC 
COVERS? 
G i v e n such a knot Ik and a homeomorphism u o f r\ s u c h t h a t 
u ^ t , we now know what t h e module and p a i r i n g s t r u c t u r e would 
have t o be o f a knot whose m-fold b . c . c . was J<, and whose 
i n f i n i t e c y c l i c c o v e r (when i d e n t i f i e d w i t h 1T) had u a s a 
g e n e r a t o r o f t h e group o f c o v e r i n g t r a n s l a t i o n s . I f t h e s e 
new s t r u c t u r e s s a t i s f y the L e v i n e axioms, g i v e n below, the n 
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we know t h a t we c a n c o n s t r u c t a knot 1 w i t h t h e s e i n v a r i a n t s . 
The m-fold b . c . c . o f 1 would then have t h e same module and 
p a i r i n g a s k_, and so be e q u i v a l e n t by the c l a s s i f i c a t i o n 
theorem g i v e n below; 
Theorem 2 / ( [ K l ] ) G i v e n any o d d - d i m e n s i o n a l s i m p l e knot 
ksS c > S , the module A and p a i r i n g <,> s a t i s f y the 
L e v i n e axioms a s f o l l o w s ; 
( L I ) A i s a f i n i t e l y g e n e r a t e d , A - t o r s i o n module. 
(L2) M u l t i p l i c a t i o n by ( 1 - t ) i s an automorphism o f A. 
(L3) <,> i s (-1) - H e r m i t i a n , t h a t i s ; 
<a,b> = ( - l ) v l <b,a> 
& t<a,b> = <ta,b>. 
(L4) <,> i s n o n - s i n g u l a r , so t h a t t h e a d j o i n t map; 
~K > Horn ( A , Q ( t ) / A ) g i v e n by 
a i • (x i » <x,a>) 
i s an isomorphism. 
F u r t h e r m o r e , t h e s e c o n d i t i o n s c h a r a c t e r i z e the modules and 
p a i r i n g s which c a n a r i s e , t o g e t h e r w i t h the c o n d i t i o n t h a t 
the s i g n a t u r e o f the c o r r e s p o n d i n g q u a d r a t i c p a i r i n g ( a s i n 
[ T ] ) must be d i v i s i b l e by 16 i f q=2. // 
To d e r i v e t h e a l g e b r a i c c o n d i t i o n s f o r k t o be t h e m-fold 
b . c . c . o f a knot, we s h a l l need t o use t h e f o l l o w i n g t r i c k 
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r e p e a t e d l y ; 
Lemma 3/Suppose t h a t M i s a s e t o f i n t e g e r s h a v i n g d i s t i n c t 
v a l u e s modulo m, and we a r e g i v e n t h a t ; 
__, °" t k+im m -1 
(ZZ 2 a u )/£( u )=° i n Q ( u ) / Z [ u , u ] keM i=-o« k+im 
Then, f o r a l l k e M; 
( 2 a t )/p_(t) =0 i n Q ( t ) / Z [ t , t ] 
i=-o> k+im 
m 
Pr o o f S i n c e p_(u ) 
i=-« i 
£ b u 
m ^ — i I 
<=> £(u ) | 2L_4 b u V k £ z // 
i=k(mod m) i 
I f t h e module and p a i r i n g <,>a, d e f i n e d above s a t i s f y 
the L e v i n e c o n d i t i o n s , we may c o n s t r u c t a knot 1 
c o r r e s p o n d i n g to them. L e t k' denote t h e m-fold b . c . c . o f 1, 
which i s a s p h e r i c a l knot by p r o p o s i t i o n 1, n o t i n g t h a t l - u ^ 
i s an automorphism o f A^. The A l e x a n d e r module of k' i s 
c l e a r l y A^; and i f <#>{T i s i t s B l a n c h f i e l d p a i r i n g , we have; 
m-^ L k k m-1 k k 
J u 9<a,u b>' = <a,b> = T~T U 8<a,u b> 
k^t) t u k=0 t 
f o r a l l a , b £ A t . U s i n g lemma 3 f o r k=0 we s e e t h a t 
<a,b>,=<a,b>'; so k and k' a r e e q u i v a l e n t , and k does a r i s e 
a s an m-fold b . c . c . The c o n d i t i o n we r e q u i r e i s a s f o l l o w s ; 
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Theorem 4/(A„,<,> u) s a t i s f i e s t h e L e v i n e c o n d i t i o n s (and 
hence jc i s an m-fold b . c . c . ) i f and o n l y i f u a c t s a s an 
i s o m e t r y of (A t,<,> t) w i t h u ^ t . 
P r o o f . F i r s t l y the " o n l y i f " p a r t . F o r <,>u, t o s a t i s f y (L3) 
we must have, f o r a l l a , b £ A f c; 
q+1 
<a,b> = e<b,a> ( e = ( - l ) ) 
u u 
m-jL k k m-1 -k — 
<=> 2_]u 9<a,u b> = eV^u 9<b,u a> 
k^t) t k=b t 
-k k 
u 9<u a,b> a s < r> i s e - H e r m i t i a n k=D t c 
k -1 m-k 
<=> <a,u b> = t <u a,b> f o r a l l 0 < k < m by lemma 3 
t t 
k -k 
<=> <a,u b> = <u a,b> f o r a l l 0 ^ k < m 
t t 
<=> u i s an i s o m e t r y of < r> . 
t 
C o n v e r s e l y , A i s c l e a r l y f i n i t e l y g e n e r a t e d ; and 1-u i s an 
automorphism s i n c e ; 
m-1 m 
( 1 - u ) . ( l + u + +u ) = l - u = l - t . 
We have a l r e a d y proved t h e f i r s t h a l f o f (L3) above; f o r 
th e second h a l f we have; 
m-1 k k 
<ua,b> = ^2 u 8<ua,u b> 
u k=0 t 
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m-1 k k-1 
= 5~! u 9<a,u b> a s u i s an i s o m e t r y 
feb t 
m-^  k k 
= u. 2Z u 8<a,u b> = u.<a,b> „ 
k= - l t u 
F i n a l l y we prove (L4) i n two p a r t s ; 
( i ) The a d j o i n t map i s i n j e c t i v e . 
Suppose <a,b> =0 f o r a l l a i n A . Then; 
u u 
m-1 k k 
u 9<a,u b> =0 f o r a l l a i n A 
t t 
=> <a,b> =0 f o r a l l a i n A ( p u t t i n g k=0 i n lemma 3) 
t t 
=> b = 0 a s r e q u i r e d , s i n c e <,> i s n o n - s i n g u l a r 
t 
( i i ) The a d j o i n t map i s s u r j e c t i v e . 
Suppose a I *• f (u) i s a u - l i n e a r map 
a 
-1 
A > Q ( u ) / Z [ u , u ] 
u 
m 
I f A ( t ) i s the A l e x a n d e r p o l y n o m i a l o f k, the n A(u ) w i l l 
k i l l A , and we may w r i t e ; 
u 
m-1 k (k) m m 
f (u) = [2_,u f (u ) ] / A ( u ) 
a k=0 a 
(k) 
f o r some i n t e g e r p o l y n o m i a l s f 
a 
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(0) 
Then a i • f ( t ) / A ( t ) i s a t - l i n e a r map 
a 
A *> Q ( t ) / A 
t 
So, a s <,> i s n o n - s i n g u l a r , t h e r e i s an x i n A s u c h 
t t 
t h a t ; 
(0) 
<a,x> = f ( t ) / A ( t ) 
t a 
Then we have; 
u .9<a,u 
k 
<a,x> = 2_»u « 9 < a f u x > 
u k=0 t 
k -k 
= 2__,u .9<u a,x> a s u i s an i s o m e t r y t 
— k (0) m m 
= t ZJi f (u ) ] / A ( u ) 
u a 
k (k) m m 
f (u )l/£ju ) a s a I *• f (u) i s u - l i n e a r 
k=0 a a 
f a s r e q u i r e d , 
a 
We have proved t h a t i f u i s an i s o m e t r y of <,>t , t h e n <,> a 
i s a g e n u i n e B l a n c h f i e l d p a i r i n g ; and t h i s s u f f i c e s t o p r o v e 
the theorem f o r q>2. Suppose now t h a t k i s a 3-knot. As the 
L e v i n e c o n d i t i o n s depend o n l y on t h e v a l u e of q modulo 2, t h e 
above p r o o f s h o v s t h a t < , V i s the B l a n c h f i e l d p a i r i n g o f a 
7-knot 1 7 , whose m-fold c o v e r k 7 has p a i r i n g <,> t. Any l i f t 
o f a 2 - c o n n e c t e d S e i f e r t s u r f a c e o f 1 7 t o the complement o f 
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k? w i l l be a S e i f e r t s u r f a c e f o r k y . I t f o l l o w s t h a t t h e 
q u a d r a t i c p a i r i n g s a s s o c i a t e d w i t h the p a i r i n g s <«> t L and <,>e 
w i l l have the same s i g n a t u r e , namely t h a t o f t h e s u r f a c e ; so 
i t f o l l o w s t h a t <f>u, i s the B l a n c h f i e l d p a i r i n g o f a 3-knot, 
c o m p l e t i n g the p r o o f . // 
I d e a s used i n the lemma and the above p r o o f e n a b l e us t o 
d e f i n e a s e t o f maps; 
-1 -1 
-O :Q(u)/Z [u,u ] > Q ( t ) / Z [ t , t ] K * Z 
Suppose we had an e l e m e n t o f Q (u)/Z [u, u"'] , e x p r e s s e d a s 
t h e q u o t i e n t o f two i n t e g r a l p o l y n o m i a l s f ( u ) / d ( u ) . We form 
t h e p o l y n o m i a l ; 
S (u) = /~\d($u) 
where t h e p r o d u c t r u n s o v e r a l l t h e mth r o o t s o f u n i t y ^. 
The c o e f f i c i e n t s of S, b e i n g s y m m e t r i c f u n c t i o n s o f t h e r o o t s 
o f the p o l y n o m i a l l - x " \ a r e a l l i n t e g e r s ; and s i n c e 
$Cju)=S(u) f o r any mth r o o t o f u n i t y S ( u ) must be of t h e 
form Afu"1) where A i s an i n t e g r a l p o l y n o m i a l . So we have; 
m m 
f ( u ) / d ( u ) = f (u) ./~^("$u)/A(u ) ( p r o d u c t o v e r \ - l r ^ l ) 
m-1 k m m 
= [ 2 j u 4> (u ) ] / A ( u ) s a y , 
k=0 k 
and we d e f i n e v ^ ( f ( u ) / d (u) ) = <t>^ ( t ) / A ( t ) , where K i s t h e 
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image of k under the n a t u r a l p r o j e c t i o n Z > Z^. A d a p t i n g 
the p r o o f o f lemma 3, we s e e t h a t ^ i s w e l l - d e f i n e d . So, by 
the c a l c u l a t i o n a t t h e end of s e c t i o n t h r e e , we s e e t h a t we 
may w r i t e <,>t i n terms o f <,V a s ; 
<a,b> = V <a,b> 
t o u 
where 0 d e n o t e s t h e i d e n t i t y e lement o f Z M . 
T h i s map w i l l a l s o be u s e f u l i n c a l c u l a t i n g t h e t o r s i o n 
p a i r i n g of a t w i s t - s p u n knot i n the t h i r d c h a p t e r . 
1.5 HOW MANY DIFFERENT KNOTS I S K AN M-FOLD B.C.C. OF? 
We may t r a n s l a t e t h i s q u e s t i o n i n t o an a l g e b r a i c one by 
means o f t h e f o l l o w i n g theorem; 
Theorem 5/Suppose u and v a r e two i s o m e t r i e s o f (A t,<,> t) 
w i t h u w = t = v m . Then (A u,<,> u) and (Av.,<r>v.) a r e i s o m e t r i c , 
and hence c o r r e s p o n d t o e q u i v a l e n t k n o t s , i f and o n l y i f u 
and v a r e c o n j u g a t e by an i s o m e t r y o f ( A t , < , > f e ) . 
P r o o f We w r i t e both <,>UL and <,>r w i t h v a l u e s i n Q(u)/Z [u,u"'] 
Then; 
<f>: (A ,<,> ) » (A ,<,> ) i s an i s o m e t r y 
u u v v 
<=> <a,b> = «|>a,<j>b> f o r a l l a , b f i A u 
u v 
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<=> ^ J u 9<a,u b> = u S^ZrV < l > b > 
k^O t k=0 t 
k k 
<=> <a,u b> = «j>a,v (}>b> f o r a l l a,b,0^k<.m by lemma 3 
t t 
=> <j> i s an i s o m e t r y o f <,> (k=0) 
t 
-1 
and t a k i n g k = l , we s e e t h a t u=<}> v(j>, s i n c e <,> i s 
t 
n o n - s i n g u l a r . // 
So an e q u i v a l e n t a l g e b r a i c q u e s t i o n i s t o ask how many 
c o n j u g a c y c l a s s e s o f e l e m e n t s u w i t h u*"=t t h e r e a r e i n the 
i s o m e t r y group o f <,>t . I n c e r t a i n c a s e s we c a n show t h i s 
number i s f i n i t e ; t h e f o l l o w i n g p r o p o s i t i o n a r i s e s from 
J o n a t h a n H i l l m a n ' s work i n [HI] ; 
P r o p o s i t i o n 6 / I f a s i m p l e ( 2 q - l ) - k n o t k, q ^ 2 has t h e same 
A l e x a n d e r p o l y n o m i a l and m i n i m a l p o l y n o m i a l , t h e n i t may o n l y 
be the m-fold br a n c h e d c y c l i c c o v e r of f i n i t e l y many d i s t i n c t 
k n o t s . 
P r o o f L e t M be the A l e x a n d e r module of k. We s h a l l i n f a c t 
show t h a t the group o f automorphisms Aut(M) c o n t a i n s o n l y 
f i n i t e l y many e l e m e n t s w i t h u*=t, whic h we w i l l do by 
c o n s i d e r i n g s u c c e s s i v e l y more complex forms f o r M. We 
f i r s t l y note t h a t our p o l y n o m i a l c o n d i t i o n i s e q u i v a l e n t t o 
i n s i s t i n g t h a t t h e second A l e x a n d e r p o l y n o m i a l (A, i n 
J o n a t h a n H i l l m a n ' s n o t a t i o n ) i s e q u a l t o one. 
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Suppose f i r s t t h a t M s A / ( P ( t ) ) * where p i s i r r e d u c i b l e ; 
we s h a l l p r o v e t h e p r o p o s i t i o n i n t h i s c a s e by i n d u c t i o n on 
j. , The c a s e j = l f o l l o w s from lemma 4 of [ H I ] , s i n c e Aut(M) 
i s j u s t t h e group of u n i t s U(M) (M i n H i l l m a n " s n o t a t i o n ) , 
c o n s i d e r i n g M w i t h i t s n a t u r a l r i n g s t r u c t u r e i n h e r i t e d from 
A. Suppose we have proved the p r o p o s i t i o n f o r j = h , and 
u, , .. . , u 4 « A s a t i s f y ; 
m j 
(TT (U ) ) = U ( t ) (ix : A _ - > A / (P ( t ) ) the n a t u r a l p r o j e c t i o n ) 
h i h j 
w i t h t h e rt ^ f u ; ) b e ing t h e o n l y mth r o o t s o f t i n A u t f A / P ^ ) -
Then i f n: H +,(u) i s to be an mth r o o t o f t i n A u t ( A / P K " " )» we 
must have 
h 
u=u + f ( t ) ( p ( t ) ) f o r some i and f ( t ) . 
i 
Suppose t h a t ; 
m h 
u = t + g ( t ) ( p ( t ) ) 
i 
m m m-1 h 
Then u =u +m.u f ( t ) p ( t ) 
h m-1 
= t + p ( t ) (g(t)+m.u f ( t ) ) 
i 
h+1 
=t (mod p ) 
f o r T t k + l ( u ) to be such an mth r o o t . I f a s u i t a b l e f c a n be 
found, then i t w i l l be u n i q u e l y d e t e r m i n e d (mod p ( t ) ) ; s o 
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t h e r e i s a t most one c h o i c e f o r u (mod p * ) f o r each i , and 
the number of mth r o o t s of t i n A u t ( A / p K * ' ) i s no g r e a t e r 
than the number i n A u t ( A / p K ) » 
Suppose now t h a t M s A / ( f ( t ) ) , where f i s a c o m p o s i t e 
p o l y n o m i a l . Any element of Aut(M)=U ( A / f ( t ) ) w i l l be u n i q u e l y 
d e t e r m i n e d by i t s p r o j e c t i o n s onto U ( A / ( P ( t ) i ) f o r a l l the 
f a c t o r s ( p ( t ) ) * o f f w h i c h a r e powers o f i r r e d u c i b l e 
p o l y n o m i a l s ; and the p r o j e c t i o n s o f mth r o o t s o f t must a l s o 
be mth r o o t s o f t . By the f i r s t c a s e t h e r e a r e o n l y f i n i t e l y 
many of t h e s e i n each p r i m a r y f a c t o r ; so t h e r e a r e o n l y 
f i n i t e l y many i n Aut(M). 
F i n a l l y , we c o v e r t h e g e n e r a l c a s e where we o n l y know t h a t 
A,(M)=1. By C r o w e l l ' s r e s u l t , the a n n i h i l a t o r i d e a l o f M i n 
A i s p r i n c i p a l , g e n e r a t e d by f ( t ) , s a y . By theorem 2 of 
[ H I ] , Aut(M) c o n t a i n s UCA/f) as a subgroup o f f i n i t e i n d e x , 
and i s i t s e l f A b e l i a n . Any two r o o t s o f t i n the same c o s e t 
w i l l t h e n have a q u o t i e n t which i s an mth r o o t o f u n i t y i n 
• ( A / f ) ; and s i n c e the above r e a s o n i n g may be r e a d i l y adapted 
t o show t h a t t h e r e a r e o n l y f i n i t e l y many of t h e s e ( t h e same 
number a s t h e r e a r e mth r o o t s o f t , i n f a c t ) , t h e r e a r e o n l y 
f i n i t e l y many mth r o o t s o f t i n each of the f i n i t e number of 
c o s e t s , which c o m p l e t e s the p r o o f . // 
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We may d e r i v e a n o t h e r f i n i t e n e s s c o n d i t i o n from t h e work 
of E . B a y e r and F. M i c h e l [BM]; 
P r o p o s i t i o n 7 / I f a s i m p l e ( 2 q - l ) - k n o t k, q > 2, has A l e x a n d e r 
module M, a n n i h i l a t e d by a s q u a r e f r e e m i n i m a l p o l y n o m i a l , 
then i t may o n l y be the m-fold b r a n c h e d c y c l i c c o v e r o f 
f i n i t e l y many k n o t s . 
P r o o f Suppose k were the m-fold b . c . c . of a knot 1 w i t h 
m i n i m a l p o l y n o m i a l |u.(u) r where u ^ t . Over the r a t i o n a l s , the 
A l e x a n d e r module o f 1 t e n s o r e d w i t h Q s p l i t s up a s a d i r e c t 
sum o f terms; 
-1 
ffi N = © Q[u,u ] / ( f ( u ) ) 
i i i i 
where the f j , ' s a r e powers o f i r r e d u c i b l e p o l y n o m i a l s o v e r 
Q, s i n c e Q[u,u" 1] i s a P.I.D. I f fit, w h i c h i s a l o w e s t common 
m u l t i p l e i n Z[u,u~'] o f the f- ' s , i s not s q u a r e f r e e , t h e n one 
of t h e s e p o l y n o m i a l s , say f ^ , must be a n o n - t r i v i a l power 
( 9 ( t ) ) K . 
Now the A l e x a n d e r module of k t e n s o r e d w i t h Q w i l l be 
QfiM=©N'l , c o n s i d e r e d a s a Q [ t , t"'] -module i n the o b v i o u s way, 
by the r e a s o n i n g o f s e c t i o n 3 o f t h i s c h a p t e r . We c l a i m t h a t 
t h e module N a t h u s c o n s i d e r e d w i l l have a m i n i m a l p o l y n o m i a l 
w i t h a s q u a r e f a c t o r . We d e f i n e , a s i n t h e l a s t s e c t i o n ; 
m - j — r 
G ( t ) = G ( u )= / \ g ( V > 
'm ' 
I - 1 
and we d i s t i n g u i s h two c a s e s ; 
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m m 
( i ) g has no p a i r o f r o o t s a,b w i t h a =b 
I n t h i s c a s e , s i n c e G ( t ) i s a p o l y n o m i a l o f t h e same 
deg r e e a s g ( u ) , whose r o o t s a r e the mth powers o f t h e r o o t s 
of g, we deduce t h a t G h a s no r e p e a t e d r o o t s . D e f i n e ; 
( i ) i 
N = {x£ N s g ( u ) x=0} 
j 
-1 m i n ( i , h ) -1 
= Q[u,u ] / ( g ( u ) ) as a Z [ u , u ]-module. 
Now N ^  w i l l c e r t a i n l y be a n n i h i l a t e d by G ( t ) ; s o , a s 
d e g ( g ) = d e g ( G ) , the o n l y way i t can have a s q u a r e - f r e e minimum 
p o l y n o m i a l i s i f i t i s i s o m o r p h i c a s a Q[ t , t"'] -module t o 
Q[ t , t"'] / (G( t ) ) . So N ^ i s a c y c l i c module over t h i s r i n g , 
g e n e r a t e d by x, s a y . P i c k y < N s u c h t h a t g ( u ) y = x . Now y 
i s a n n i h i l a t e d by G ( t ) 2 " , but not by G ( t ) , a s x was a 
g e n e r a t o r ; so N ^  must have a m i n i m a l p o l y n o m i a l , over 
Q [ t , t " ' ] , w i t h a s q u a r e f a c t o r . 
m m 
( i i ) g has a p a i r o f r o o t s a,b w i t h a =b 
T h i s time we must have a=^b, where i s some n o n - t r i v i a l 
mth r o o t o f u n i t y ; t h e n a w i l l be a r o o t o f the p o l y n o m i a l 
G ( u w ) /g (u) , and we must have g ( u ) X iGfu" 1) , s i n c e g i s 
i r r e d u c i b l e . So the p o l y n o m i a l s ; 
m m m-1 m 
G(u ) and d G(u ) = mu G'(u ) 
du 
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must have a common r o o t , an mth power o f which w i l l be a 
common r o o t o f G ' ( t ) and G ( t ) ; so G ( t ) must have a s q u a r e 
f a c t o r . A g a i n d e g ( g ) = d e g ( G ) , and G ( t ) a n n i h i l a t e s 
(2) -1 2 -1 
N = Q[u,u ] / ( g ( u ) ) ( a s a Z [ u , u ]-module) ; 
so, by c o n s i d e r i n g i t s d i m e n s i o n a s a Q - v e c t o r - s p a c e , t h e 
minimum p o l y n o m i a l o v e r Q [ t , t " 1 ] must have a s q u a r e f a c t o r . 
Thus we c o n c l u d e t h a t i f k has a s q u a r e f r e e minimum 
p o l y n o m i a l , w h i c h i s an i n v a r i a n t o f t h e r a t i o n a l homology 
module, the n any knot whose m-fold b . c . c i s k_ w i l l a l s o have 
a s q u a r e f r e e minimum p o l y n o m i a l . How many c h o i c e s a r e t h e r e 
f o r t h i s minimum p o l y n o m i a l fU-(u)? S i n c e J"~fybi(^u) must 
a n n i h i l a t e the module, |W, must be a f a c t o r o f i!\(u M) , where A. 
i s t h e A l e x a n d e r p o l y n o m i a l o f k; s o t h e r e a r e o n l y f i n i t e l y 
many p o s s i b l e c h o i c e s . The rank o f t h e i s o m e t r i c s t r u c t u r e 
c o r r e s p o n d i n g t o 1 w i l l be t h e same a s t h a t f o r J? ( b e i n g 
dim QfiM); s o , by [BM], t h e r e a r e o n l y f i n i t e l y many i s o m e t r i c 
s t r u c t u r e s (which a l l have u n i t d e t e r m i n a n t ) c o r r e s p o n d i n g t o 
e a c h c h o i c e of |H; and hence f i n i t e l y many k n o t s a l t o g e t h e r 
w i c h may have k a s t h e i r m-fold b . c . c . // 
I t i s n a t u r a l t o ask whether any s i m p l e knot may be t h e 
m-fold b . c . c . o f i n f i n i t e l y many d i s t i n c t k n o t s ; however, we 
have been unable make any f u r t h e r p r o g r e s s on t h i s q u e s t i o n . 
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2 TWIST SPINNING 
2.1 D E F I N I T I O N 
We r e v e r t t o the n o t a t i o n s a t t h e b e g i n n i n g o f t h e f i r s t 
c h a p t e r , where k s S * ^ — • s ' l + i was any n-knot. The t w i s t 
s p i n n i n g c o n s t r u c t i o n was d e s c r i b e d by Zeeman i n [ Z ] ; and t h e 
d e s c r i p t i o n w h i c h f o l l o w s i s t a k e n from t h i s p a p e r . 
P i c k a p o i n t x 0 £ k ( S n ) ; s i n c e our embeddings a r e l o c a l l y 
f l a t , x0 has a c l o s e d neighbourhood X ^ B " * 2 s u c h t h a t 
(X,Xf»k ( S * ) ) i s an u n k n o t t e d b a l l p a i r . Removing the i n t e r i o r 
o f X l e a v e s us w i t h a n o t h e r b a l l p a i r , ( D ^ * 1 , D " ) , whose 
boundary i s u n k n o t t e d . We c o n s i d e r oD a s B XS , where 
e)B nXs' i s i d e n t i f i e d t o " d B ^ D * ; t h i s e n a b l e s us t o 
p a r a m e t r i z e the s p a c e a s p a i r s (x,<|>) , where x e B r t and <f>es', 
so t h a t (x,<t>) = (x,<|>') whenever x ^ B * . We p a r a m e t r i z e P by 
p o l a r c o o r d i n a t e s ( r , 8 ) . 
We now form two ( n + 3 ) - d i m e n s i o n a l ' s o l i d t o r u s p a i r s ' by; 
n+2 n 2 n+2 2 n 2 
Y = 9 ( D ,D )XD = (3D XD , ? D X D ) 
n+2 n 2 n+2 2 n 2 
Z = ( D ,D )X^D = ( D X^D ,D X3D ) 
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n+2 n 2 
so ~dY = = (d D )X^D ; and we may p a r a m e t r i z e 
p o i n t s i n t h e s e b o u n d a r i e s by t r i p l e s (x,(|>,9) d e r i v e d from 
the p a r a m e t r i z a t i o n s f o r (Dft+'2-"rD,V) and D2". We j o i n Y and Z 
a l o n g t h e i r b o u n d a r i e s by the map; 
f : >dZ 
(x, <|>, 8) i > (x, (J>+m9,9) 
n 2 n 2 
T h i s map i s a map o f p a i r s , i e . f 0 D X<>D ) =^D X^D ; and by 
Zeeman's lemma 4, t h e r e s u l t i s a smooth p a i r o f s p h e r e s 
(S ,S ) , which we may c o n s i d e r a s a knot 1:S c >S , 
which i s t h e m - t w i s t s p i n of k. Zeeman's main theorem then 
goes a s f o l l o w s ; 
Theorem 8 / P r o v i d e d m^O, t h e r e i s a bundle; 
n+2 n+3 n+1 1 
( K ^ B ) — M S \ 1 ( S ) ) — * S 
w i t h group Z , whose g e n e r a t o r may be t a k e n t o be induced by 
the c o v e r i n g t r a n s l a t i o n o f t h e m-fold branched c y c l i c c o v e r 
K ^ o f k. F u r t h e r , t h e c l o s u r e F o f t h e f i b r e i s a smoothly 
embedded s u r f a c e bounded by the knot lfs" 1"*"' ) . F i n a l l y , S 1 
a c t s on S n + 3 i n s u c h a way a s t o l e a v e S n +"' s e t w i s e f i x e d , 
r o t a t i n g i t once about an u n k n o t t e d S n ~ ' . // 
So 1 i s a f i b r e d knot, w i t h f i b r e F; i t s i n f i n i t e c y c l i c 
c o v e r "L i s homeomorphic to FXHr whence Hi('L)=H-(F) f o r a l l i . 
Suppose now t h a t k i s once more a s i m p l e ( 2 q - l ) - k n o t ; 
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M i l n o r ' s e x a c t sequence shows t h a t H^(F)=0 f o r i ^ q , q + l , and 
r e d u c e s t o ; 
~ t ^ - l 
0 * a (F) • H (R) * a (R) > H (F) >0 
q-1 q q q 
which e n a b l e s us to c a l c u l a t e the A l e x a n d e r modules o f 1 a s 
the c o k e r n e l and k e r n e l o f t h e map t " 1 - ! . 
2.2 FOX'S FORMULA 
The two d u a l i t y p a i r i n g s ; 
<,>:F xF »Q(t)/A 
k ( 2 q + l ) - k 
[, ] : T xT *Q/Z 
k 2q-k 
e n a b l e us t o make some d e d u c t i o n s about t h e two n o n - t r i v i a l 
A l e x a n d e r modules of our t w i s t - s p u n s i m p l e knot (and, i n d e e d , 
about any e v e n - d i m e n s i o n a l s i m p l e k n o t ) . The e x i s t e n c e o f 
the n o n - s i n g u l a r t o r s i o n p a i r i n g f o r k=q+l shows t h a t H^ + 1 (F) 
i s a l w a y s t o r s i o n - f r e e ; t h e n the p a i r i n g on t h e t o r s i o n - f r e e 
p a r t g i v e s us t h e d u a l i t y isomorphism; 
H {¥) = Horn(F ,Q(t)/A) s Hom(H ( K ) , Q ( t ) / A ) 
q+1 q q 
I n p a r t i c u l a r , i f H^(F) i s a Z - t o r s i o n module, the n 
H^+i ( F ) = 0 , and our e v e n - d i m e n s i o n a l knot o n l y has one 
non-zero module; we c a l l s u c h a knot a f i n i t e s i m p l e 
( 2 q ) - k n o t . We may compute t h e o r d e r o f H^(F) by a f o r m u l a of 
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Fox proved by C l a u d e Weber i n [We], n o t i n g t h a t h i s p r o o f , 
g i v e n f o r c l a s s i c a l k n o t s , o n l y u s e s M i l n o r ' s sequence, 
t o g e t h e r w i t h the p r o p e r t i e s o f t h e A l e x a n d e r module which 
come from t h e L e v i n e axioms; and t h e s e both a p p l y t o any 
o d d - d i m e n s i o n a l s i m p l e k n o t s . The theorem the n goes a s 
f o l l o w s ; i f A i s t h e m i d d l e - d i m e n s i o n a l A l e x a n d e r p o l y n o m i a l 
o f k ( i e . a g e n e r a t o r o f t h e o r d e r i d e a l o f H^(lt) ) , t h e n the 
o r d e r o f H^(F) i s g i v e n by t h e f o r m u l a ; 
m 
|fl (F) | = | R ( t - l , A ( t ) ) | 
q 
where R ( , ) d e n o t e s the r e s u l t a n t ( s e e appendix A ) . I f 
t h e r e s u l t a n t i s z e r o , we i n t e r p r e t t h i s t o mean t h a t t h e 
module i s i n f i n i t e ; t h i s w i l l happen i f and o n l y i f t**-l and 
A ( t ) have a common f a c t o r , by ( R 2 ) . 
I n g e n e r a l , the r a t i o n a l i n v a r i a n t s o f k c a n y i e l d no more 
i n f o r m a t i o n about t h e s t r u c t u r e o f the t o r s i o n submodule of 
H ^ ( F ) , as the f o l l o w i n g example shows; 
Example I / L e t M = A./ ( t x - t + l ) © A / ( t * - 3 t + l ) and 
N = A / f t ^ - t + l ) ( t * - - 3 t + l ) 
be t h e A l e x a n d e r modules o f two o d d - d i m e n s i o n a l s i m p l e k n o t s 
(which can o n l y be ( 2 q - l ) - k n o t s f o r some odd q, from the form 
o f the A l e x a n d e r p o l y n o m i a l s ( [ L I ] ) ; however, i n t h e o t h e r 
d i m e n s i o n s we c o u l d use M®M and N © N ) . T e n s o r i n g w i t h t h e 
r a t i o n a l s y i e l d s two i s o m o r p h i c modules, so t h e r a t i o n a l 
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i n v a r i a n t s a r e t h e same; however t h e q t h A l e x a n d e r modules o f 
the 6 - t w i s t s p i n s w i l l be r e s p e c t i v e l y ; 
M / ( l - t 6 ) M 5 A / ( t ' - l , t 4 - t + l ) © A / ( t 6 - l , t * - 3 t + l ) (A3) 
s A / ( t l - t + l ) 9 A / ( t 6 - l , t l - 3 t + l ) 
N / ( l - t 6 ) N s A / ( t * - l , ( t * - t + l ) ( t * - 3 t + l ) ) (A3) 
S A /(tl-t+l) ( ( t l + t + l ) (t+1) ( t - 1 ) , t * - 3 t + l ) 
So t h e o r d e r s o f t h e t o r s i o n submodules a r e r e s p e c t i v e l y 
| R ( t 6 - l , t l - 3 t + l ) | and |R( ( t f e - l ) / ( t * - t + l ) ^ - S t + l ) | by A l , 
which d i f f e r by a f a c t o r o f ; 
| R ( t L - t + l , t x - 3 t + l ) | = | R ( t a - t + l , 2 t ) | = 4 . 
Example I I / C l a u d e Weber u s e s t h e example o f t h e 
( 3 , 3 , 3 ) - p r e t z e l knot; i t s A l e x a n d e r p o l y n o m i a l i s 7 t x - 1 3 t + 7 , 
which i s i r r e d u c i b l e ; s o i t s r a t i o n a l homology i s c y c l i c a s a 
Q [ t , t~'] -module. He c a l c u l a t e s the homology o f t he t w o - f o l d 
c o v e r to be Z^fcZ^. However, i f we look a t t h e t w o - f o l d c o v e r 
o f a knot whose A l e x a n d e r module i s c y c l i c w i t h t h e same 
A l e x a n d e r p o l y n o m i a l , t h e n , by lemma A3, we may w r i t e t h e 
homology o f t he t w o - f o l d c o v e r a s ; 
A / ( 7 t l - 1 3 t + 7 , t a - 1 ) * A / ( 7 t x - 1 3 t + 7 , t + l ) ( 7 t * - 1 3 t + 7 , t - l ) (A4) 
= A / ( 2 7 , t + l ) ( l , t - l ) s A / ( 2 7 , t + l ) 
and t h e homology group i s Z i 7 . We note t h a t t h e s e k n o t s a r e 
c a p a b l e of h a v i n g d i s t i n c t homology groups, b e c a u s e t h e i r 
common o r d e r A ( - l ) i s not s q u a r e - f r e e ( A ( t ) = 7 t - 1 3 t + 7 ) ; and 
t h i s o b s e r v a t i o n a l s o a p p l i e s t o t h e o t h e r example g i v e n i n 
[We] , o f the two k n o t s 6, and 9 V 6 whose common A l e x a n d e r 
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p o l y n o m i a l i s 2t a~-5t+2. Now, f o r a q u a d r a t i c A l e x a n d e r 
p o l y n o m i a l A ( t ) , t h e d i s c r i m i n a n t i s A ( - l ) (modulo a s i g n ) ; 
and as L e v i n e p r o v e s i n s e c t i o n 31 of [ L 3 ] , t h i s 
d i s c r i m i n a n t ' s b e i n g s q u a r e - f r e e i s n e c e s s a r y and s u f f i c i e n t 
to e n s u r e t h a t the r i n g A/(A(t)) i s a Dedekind domain. I n 
t h e c a s e o f a knot whose module i s a n n i h i l a t e d by a 
p o l y n o m i a l d ( t ) such t h a t _A-/(d(t)) i s a Dedekind domain, we 
have t h e p o s i t i v e r e s u l t of t h e n e x t s e c t i o n . 
2.3 TWIST SPINNING DEDEKIND KNOTS 
P r o p o s i t i o n 9/Suppose t h a t R = A / ( d ( t ) ) i s a Dedekind domain, 
and t h a t t h e knot module A=H^(lT) o f the o d d - d i m e n s i o n a l 
s i m p l e knot k i s a module o f rank r over R, whic h i s 
n e c e s s a r i l y Z - t o r s i o n - f r e e b e c a u s e o f t h e L e v i n e axioms. 
Then t he homology module H^(F) o f the m - t w i s t s p i n of k i s a 
d i r e c t sum o f r c o p i e s o f A / ( t ^ - l ,d ( t ) ) , p r o v i d e d d ^ t ^ - l . 
P r o o f By the s t r u c t u r e theorem f o r t o r s i o n - f r e e modules o v e r 
Dedekind domains ( [ C ] , page 4 1 3 ) , we can w r i t e A a s a d i r e c t 
sum; 
A s R © R ® . . . ® I 
where t h e r e a r e r summands, and I i s an i d e a l o f R d e t e r m i n e d 
u n i q u e l y up t o i t s i d e a l c l a s s . From M i l n o r ' s e x a c t 
sequence; 
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m m m m 
H (F) 2 A / ( t -1)A a R / ( t -1)R © R / ( t -1) 9 ... 9 I / ( t - 1 ) 1 
q 
m m m 
s A / ( t - l , d ( t ) ) ®A/(t - l , d ( t ) ) 9 ... 9 I / ( t - 1 ) 1 
so i t o n l y r e m a i n s t o p r o v e t h a t ; 
m m 
I / ( t - 1 ) 1 s R / ( t -1)R 
Now, by c o r o l l a r y 3 on page 411 of [ C ] , we may m u l t i p l y I by 
a u n i t i n the f i e l d o f f r a c t i o n s o f R t o g e t a new i d e a l I' 
i n t h e same i d e a l c l a s s a s I , but w i t h I * + ( t -1)=R (so I ' 
must be an i n t e g r a l i d e a l ) . Then we have; 
m m 
R / ( t -1)R = i * / ( i * n ( t -1)R) (isomorphism theorem) 
m 
= I * / ( t - 1 ) 1 * by (A2) , as d e s i r e d . // 
The c l a s s of c y c l o t o m i c p o l y n o m i a l s p r o v i d e s examples o f 
p o l y n o m i a l s d ( t ) s u c h t h a t A / ( d ( t ) ) i s Dedekind; i n what 
f o l l o w s we s h a l l c a l c u l a t e the modules o f t w i s t - s p i n s o f 
k n o t s h a v i n g c y c l o t o m i c m i n i m a l p o l y n o m i a l s , i n s u c h a way a s 
t o be a b l e t o compare the r e s u l t s . I f we denote t h e n t h 
c y c l o t o m i c p o l y n o m i a l , whose r o o t s a r e the p r i m i t i v e nth 
r o o t s o f u n i t y , by § a ( t ) t t h e r e a r e some r e s t r i c t i o n s we must 
p l a c e on n, and on t h e rank of t h e module, t o e n s u r e t h a t 
t h e r e a r e ( 2 q - l ) - d i m e n s i o n a l s i m p l e k n o t s whose modules a r e 
a n n i h i l a t e d by $ , by the r e s u l t s o f [ L l ] . F i r s t l y , i n o r d e r 
A. 
t h a t $ (1)= 1 , we must e n s u r e t h a t n i s not a prime power. I f 
q i s odd, t h i s w i l l s u f f i c e , a s L e v i n e ' s r e s u l t s show. I f q 
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i s even, we must e n s u r e t h a t A ( - l ) i s a s q u a r e , where A i s 
t h e A l e x a n d e r p o l y n o m i a l , by theorem 1 o f [ L l ] . As we s e e i n 
example 5.2 of [Ba] , £ ^ ( -1) = 1 p r o v i d e d n i s not o f t h e form 
2pL ; i f i t i s , (|>^(-1) = (1) = Pf so any module a n n i h i l a t e d 
by £ must be of even rank o v e r A/(§ a) , i f i t i s t o belong to 
s u c h a knot. The o t h e r c o n d i t i o n s which L e v i n e d e r i v e s do 
not a p p l y t o u s , s i n c e we a r e l i v i n g i n the PL c a t e g o r y . 
I n any e v e n t , p r o p o s i t i o n 9 shows us t h a t i f k has an 
A l e x a n d e r module A of rank r over A/(§^)/ i t s m - t w i s t s p i n 
w i l l have a s i t s q t h A l e x a n d e r module a d i r e c t sum o f r 
c o p i e s o f ; 
m m 
A / ( t ( t ) > p r o v i d e d $ ft -1, 
n n 
i e . p r o v i d e d n^m. Denoting t h i s summand by A , we may 
n,m 
d e r i v e t h e f o l l o w i n g p r o p e r t i e s ; 
k h 
( i ) I f I i s any i d e a l o f A , and we have t -1 and t -1« I , 
then; 
k k-h h k-h 
t -1 - t ( t -1) = t -1 € I 
(k,h) 
so we may a p p l y E u c l i d ' s a l g o r i t h m t o deduce t h a t t -1 e I 
where (k,h) d e n o t e s t h e h i g h e s t common f a c t o r o f k and h. 
So A = A ; and we s h a l l assume from now on t h a t 
n,m n, (n,m) 
m d i v i d e s n. 
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( i i ) We may use t h e remainder theorem t o deduce t h a t t h e r e 
e x i s t s a p o l y n o m i a l f £A s u c h t h a t ; 
Cl f o r k not a prime power 
( t - 1 ) f ( t ) + $ ( t ) = $ (1) = j 
k k £ p f o r k=p L, p prime. 
Now t he mth power o f a p r i m i t i v e (km)th r o o t o f u n i t y i s 
c l e a r l y a p r i m i t i v e k t h r o o t o f u n i t y ; so f f t f > i ( t ) |§^(t'H) , and 
t h e r e e x i s t s a such t h a t ; 
m m m m m 
( t - l ) f ( t )+$ ( t ) = ( t - l ) f ( t )+$ ( t ) g ( t ) 
k km 
• i ; 
1, k not a prime power 
p, k=p l 
So we have; 
m 
Lemma 10/ 1 e(§ ( t ) , t -1) i f n/m i s not a prime power 
n 
m i 
p 6 ( $ ( t ) , t -1) i f n/m=p .// 
n 
So A f V < m=0 i f n/m i s not a prime power; l e t us assume t h a t 
C It 
n=p m=p m', where p i s prime, p|m'. Then the p r i m i t i v e n th 
r o o t s o f u n i t y a r e p r e c i s e l y t h o s e complex numbers whose 
(p h") t h powers a r e p r i m i t i v e (m')th r o o t s o f u n i t y , but whose 
(p*" 1 ) s t powers a r e not. So we may w r i t e ; 
P k PK-' J ( t ) = | ( t )/$ ( t ) 
n m' m' 
p* p^-' 
= [§ ( t ) ] / [ { ( t ) ] (mod p) 
m' m' 
= [$ ( t ) ] 
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( P - I ) p h " 
m 
m 
Now, l e t t -1 = $ (t)f ( t ) . We c l a i m ; _ •» _ * m m 
Lemma 11/$ i s coprime t o (mod p) ( i e . (p,<t> » ? ) = A ) 
m m' m" m* 
d p.(m'/d) 
P r o o f J ( t ) = / \ ( t -1) 
m* ' ' 
d|m' 
where i s the Moebius f u n c t i o n . So J" ,(t) i s a q u o t i e n t o f 
f a c t o r s o f the form ( t * " - l ) f o r d s t r i c t l y d i v i d i n g m'; a s 
p|nT, m'/d c a n n o t be a power o f p. So t h e r e e x i s t 
p o l y n o m i a l s f^g^^A. s u c n t h a t ; 
d 
( t - l ) f ( t ) + $ ( t ) g ( t ) = q 
d m d d 
where q ^ i s e i t h e r one or a prime n o t e q u a l t o p, by lemma 
10. Thus (p, t ^ - l =yy f o r a l l p r o p e r d i v i s o r s d o f m*. So 
( P r $ * ,$ )=> / \ ( P r t -1,1 ) = A.. / / 
m m d I m m 
d^m' 
We may then compute the i d e a l ; 
m m 
(J ( t ) , t -1) = ( p , | ( t ) , t -1) (lemma 9) 
n n 
( p - l ) p * " m* P k " 1 
= ( P , ( $ ) , ( t -1) ) 
r (P-Dp t e*' , P ^ 1 = (P, ( { ) ) 
m m m 
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Now, by lemma 11 t h e r e e x i s t p o l y n o m i a l s f,g,h£/l su c h t h a t ; 
f p + g J + hf = 1 . 
m m 
k-1 
R a i s i n g to the ( ( p - l ) p ) s t power and g r o u p i n g a l l t h e terms 
d i v i s i b l e by p t o g e t h e r g i v e s us p o l y n o m i a l s f ' , g ' , h ' i n A. 
w i t h 
( p - l ) p * ' 1 ( P = l ) p f e M 
f'p + g ' ( $ ) + h ' ( f ) = 1. 
m- m' 
M u l t i p l y i n g by (<b ) shows us t h a t t h i s e l e m e n t l i e s i n our 
-Ss' 
i d e a l ( a s (p-1)p h"'^- p*~ l b e c a u s e 1>0) ; so i n f a c t ; 
m p * " L 
( $ ( t ) , t -1) = ( p , ( f ( t ) ) ) . 
n m' 
To summarise; 
A = A 
n,m n,(n,m) 
I f m|n; A = 0 i f n/m i s not a prime power, 
n,m 
and A = A/(Pf<|> ) * f n / m ^ s a P o w e r °f a prime P» 
n, m m" 
j 
and j i s the h i g h e s t power o f p d i v i d i n g m=p m". 
These i d e a s , t o g e t h e r w i t h lemma A l , a l l o w us t o c a l c u l a t e 
t h e a b s o l u t e v a l u e of t h e r e s u l t a n t o f two c y c l o t o m i c 
p o l y n o m i a l s a s f o l l o w s ; 
P r o p o s i t i o n 1 2 / L e t n > m > l be two i n t e g e r s . Then; 
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1 i f n/m i s not a prime power 
R ( $ ,$ ) . 
n m y <}>(m) 
i f n/m i s a power o f a prime p 
where <|>(m) = deg <[[ ( t ) i s E u l e r ' s f u n c t i o n . 
m 
m 
Pro o f I f m|n, then we know by lemma 9 t h a t ( { , f ) 3 ( t -1,$ ) 
m n n 
X 
which c o n t a i n s p i f n/m=p , and c o n t a i n s 1 i f n/m i s not a 
prime power. So i f m d i v i d e s n, but m/n i s not a prime 
power, then |R(£ r $ ) | = l r u s i n g lemma A l . I f n=mp^, we have; 
m n 
rr P K 
( $ ( t ) i f p|m 
\ m 
\ ( t ) = < / J (t ) / J (t ) i f pjm. 
-^ m m 
P^ 
I n e i t h e r c a s e , s i n c e <j> ( t ) = (<]> ( t ) ) (mod p) , we f i n d 
m m 
t h a t J l^j (mod p) , so; 
m n 
(| ) = ( P f $ ) = ( P # I ) 
n m n m m 
<t> (m) 
and |R(§ ,$ ) | = |R(p,$ ) | = P by ( R l ) . 
n m m 
F i n a l l y , i f m does not d i v i d e n, so t h a t (m,n)^m, we use 
the f a c t t h a t ; 
m (m,n) 
| R ( t -1,$ ) | = |A I = |A | = | R ( t - 1 , | ) I 
n n,m n,(n,m) n 
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m (m,n) 
So, a s $ i s a f a c t o r o f t -1 but not o f t -1, i t must 
have u n i t r e s u l t a n t w i t h 3>K? b v t n e m u l t i p l i c a t i v e p r o p e r t y 
of the r e s u l t a n t (R3)„ // 
T h i s r e s u l t c a n a l s o be deduced from theorem 25.26 and 
isomorphism 25.28 o f [CR] . A l t h o u g h t h e r e s u l t s o f t h e s e 
c a l c u l a t i o n s d i f f e r from t h o s e i n [ S ] , we o n l y p a r t company 
on the t h i r d l i n e from the bottom o f page 29; i n h i s 
n o t a t i o n , m=pn", p does not d i v i d e n", and; 
<j>(m)/<j>(pl ) 
p ( p - l ) p R " ' 4>(n*) [ ( p - l ) / p l ( p - 1 ) ] _ = p 
<|)(m)/<j)(pt+l) 
P 
( P - 1 ) P N " ' <|)(n*) <()(n) 
= p = p as above. 
I n f a c t , u s i n g p r o p e r t i e s (R5) and ( R 6 ) , i t i s p o s s i b l e t o 
show t h a t i f n > m ^ l , then R(3> ,$ ) > 0 u n l e s s n=2 and m=l, 
t h u s g i v i n g us t h e a c t u a l v a l u e s o f t h e s e r e s u l t a n t s . 
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3 CHARACTERIZING F I N I T E TWIST-SPUN KNOTS. 
3.1 ELEMENTARY IDEALS 
Suppose t h a t A i s an A l e x a n d e r module of a knot. From 
L e v i n e ' s f i r s t axiom, A i s a f i n i t e l y - g e n e r a t e d ^.-module» s o 
we may f i n d an e x a c t sequence of t h e form; 
and f may be s p e c i f i e d by an F" by rv. m a t r i x ( a ^ j ) o v e r ^. 
S i n c e A a l w a y s i s a j ^ - t o r s i o n module, n must be g r e a t e r t h a n 4fr 
r . We d e f i n e t h e e l e m e n t a r y i d e a l s E k of A t o be the i d e a l s 
o f A. g e n e r a t e d by the ( r - k ) x ( r - k ) m i n o r s of ( a ^ j ) ; and t h e s e 
a r e i n v a r i a n t s o f t h e module. Now suppose A i s the q t h 
A l e x a n d e r module o f a s i m p l e ( 2 q - l ) - k n o t ; t h e q t h A l e x a n d e r 
module of t h e m - t w i s t s p i n of t h i s knot w i l l be g i v e n by the 
M i l n o r e x a c t sequence a s B = A / ( l - t ' w ) A . Now A may be g i v e n a 
s q u a r e p r e s e n t a t i o n m a t r i x over A ( f o r i n s t a n c e , a S e i f e r t 
m a t r i x p l u s or minus t t i m e s i t s t r a n s p o s e ) ; t h e n B c a n be 
p r e s e n t e d by the e x a c t sequence; 
,2r g . r 
n f A " R A R > A 0 
A A • B 0 
where g i s g i v e n by the m a t r i x ; 
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i n . 
/ a a .... o a 1 - t { \ \ 
0 m 
\ 
Then we may w r i t e t h e e l e m e n t a r y i d e a l s F- of B by; 
m m r 
F = E + ( 1 - t ) E + . + ( 1 - t ) 
0 0 1 
m m r- 1 
F = E + ( 1 - t ) E + ... ( 1 - t ) 
1 1 2 e t c . 
The c o n d i t i o n s t h a t we w i l l be a b l e t o s e t on a f i n i t e 
knot module i n o r d e r t h a t i t may be t h e module of a 
t w i s t - s p u n knot w i l l a l l f o l l o w from t h e n e x t p r o p o s i t i o n ; 
P r o p o s i t i o n 13/Suppose t h a t B i s the q t h A l e x a n d e r module of 
an m - t w i s t spun s i m p l e ( 2 q - l ) - k n o t k. Then B must be 
a n n i h i l a t e d by l - t W ; and i f rz i s t h e p r o j e c t i o n map 
A — • A / ( t ' n - l ) , and F 0 t h e z e r o t h e l e m e n t a r y i d e a l ( o r d e r 
i d e a l ) of B, then rc F 0 i s a p r i n c i p a l i d e a l , g e n e r a t e d by the 
image o f the A l e x a n d e r p o l y n o m i a l A ( t ) of k. 
P r o o f The f i r s t p a r t f o l l o w s i m m e d i a t e l y from M i l n o r ' s e x a c t 
sequence; the second from the f a c t t h a t t h e o r d e r i d e a l E c of 
th e A l e x a n d e r module o f k i s p r i n c i p a l and g e n e r a t e d by the 
A l e x a n d e r p o l y n o m i a l , t o g e t h e r w i t h t h e above f o r m u l a f o r 
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F 0 . // 
C o r o l l a r y 14/Denote by <j>^  t h e p r o j e c t i o n s A *A/ t where 
<]> i s t h e dth c y c l o t o m i c p o l y n o m i a l , and by N,^  t h e 
c o m p o s i t i o n s of (j)^ w i t h the norm map i n t o t h e i n t e g e r s ; when 
we a p p l y t h i s map to i d e a l s i n the r i n g of c y c l o t o m i c 
i n t e g e r s , t h e r e s u l t w i l l be t a k e n t o be the p o s i t i v e i n t e g e r 
g e n e r a t i n g the norm of t h e i d e a l . Then, w i t h o t h e r n o t a t i o n s 
a s above, i f B i s to be the q t h A l e x a n d e r module of an 
m - t w i s t spun knot, we must have; 
|B| =7~TN (P ) 
' > d 0 
d|m 
P r o o f By p r o p o s i t i o n 13, 7tF 0 must be p r i n c i p a l and g e n e r a t e d 
by ; r ( A ( t ) ) ; so s i n c e e ach ^ c a n be f a c t o r e d through IX, ^^J0 
must be p r i n c i p a l and g e n e r a t e d by <f>^(A(t) ) f o r each d|m. 
Then; 
/~~TN (F ) = 7~1N (A(t) ) . 
' ' d 0 ' d 
d | m d | m 
But N (A(t) ) = R ( { ,A(t) ) (A8) 
d d 
==> 7~1N (F ) = T \ \ R ^ ' A ( f c > > I 
1 x d 0 ' * d 
d | m d | m 
m 
= | R ( t -I,Lit)) | (R3) 
= | B | by F o x ' s f o r m u l a . // 
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I t would be n i c e t o use C r o w e l l ' s r e s u l t t h a t t h e 
a n n i h i l a t o r i d e a l o f k i s p r i n c i p a l i n a s i m i l a r f a s h i o n -
However, example I I i n s e c t i o n (2.2) g i v e s us two k n o t s whose 
a n n i h i l a t o r i d e a l s must both be ( 7 t z - 1 3 t + 7 ) a s t h i s 
p o l y n o m i a l i s i r r e d u c i b l e ; but the a n n i h i l a t o r i d e a l s o f t h e 
t w o - t w i s t s p i n s a r e r e s p e c t i v e l y ( 9 , t + l ) and ( 2 7 , t + l ) , whose 
p r o j e c t i o n s i n t o J\_/ ( t 2 " - 1 ) c a n n o t be the same, s i n c e t h e i r 
p r o j e c t i o n s i n t o t h e q u o t i e n t r i n g A / ( t + l ) a r e d i f f e r e n t . I n 
f a c t , o n l y the i d e a l r c ( 2 7 , t + l ) i s g e n e r a t e d by the image o f 
the p o l y n o m i a l 7t*"-13t+7. 
.2 THE LEVINE PAIRING 
Suppose t h a t we have the M i l n o r e x a c t sequence; 
t -1 p 
0 »> H (F) »• H (K) • H (K) > H (F) > 0 
q+1 q q q 
a s s o c i a t e d w i t h the knot _1 which i s t h e m - t w i s t s p i n of t h e 
s i m p l e ( 2 q - l ) - k n o t k. From t h i s we know t h e s t r u c t u r e o f t h e 
A l e x a n d e r modules o f _1; t h e most o b v i o u s p i e c e s o f a l g e b r a i c 
i n f o r m a t i o n to c a l c u l a t e n e x t a r e t h e p a i r i n g s on the 
Z - t o r s i o n and Z - t o r s i o n - f r e e p a r t s o f t h e s e modules. The 
second of t h e s e w i l l s i m p l y e x p r e s s t h e d u a l i t y isomorphism 
between H^, (F) and the f r e e p a r t o f H^(F) , as i n ( 2 . 2 ) ; so 
i t i s to the f i r s t p a i r i n g which we now t u r n . 
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The d e f i n i t i o n o f t h e t o r s i o n p a i r i n g i s q u i t e complex i n 
g e n e r a l ; but when we a r e d e a l i n g w i t h t w i s t spun k n o t s , which 
must be f i b r e d , i t may be d e f i n e d more s i m p l y i n terms o f a 
l i n k i n g p a i r i n g on t h e Z - t o r s i o n e l e m e n t s o f the homology of 
the f i b r e , by [ L 2 , s e c t i o n 7 ] , a s f o l l o w s . L e t a , b d H ^ ( F ) be 
two t o r s i o n e l e m e n t s , and suppose t h a t n i s an i n t e g e r s u c h 
t h a t na=0. We may t h e n choose c h a i n s 3 £ C^+JF) s u c h t h a t 3a 
r e p r e s e n t s na, and B£ ^ ( F ) / the group o f q - c h a i n s i n t h e 
d u a l t r i a n g u l a t i o n , r e p r e s e n t i n g b; and we d e f i n e t h e t o r s i o n 
p a i r i n g by; 
[a,b] = I(a,B) 6Q/Z 
n 
T h i s d e f i n i t i o n has s i m i l a r i t i e s w i t h the d e f i n i t i o n o f 
the B l a n c h f i e l d p a i r i n g of k, and i t would seem n a t u r a l t o 
t r y and e x p r e s s the t o r s i o n p a i r i n g a s ; 
[a,b] = 0<x,y> 
where <,> d e n o t e s t h e B l a n c h f i e l d p a i r i n g of k, x and y a r e 
e l e m e n t s of H^,(K) w i t h p ( x ) = a , p ( y ) = b , and 8 i s some map; 
Q(t)/A » Q/Z 
T h i s c a n n o t be done i n g e n e r a l ; we s h a l l g i v e an example 
below where, whatever our c h o i c e o f x and y, t h e i r 
B l a n c h f i e l d p a i r i n g i s z e r o . I f 1 t u r n s out to have a f i n i t e 
knot module, however, which i s the c a s e where the module ( i f 
i t has odd o r d e r ) and p a i r i n g c a n c l a s s i f y the knot ( [ K o ] ) , 
we have the f o l l o w i n g r e s u l t ; f o r c o n s i s t e n c y of n o t a t i o n we 
w r i t e u f o r the c o v e r i n g t r a n s l a t i o n o f K, so t h a t t h e 
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p a i r i n g <,> t a k e s v a l u e s i n Q ( u ) / Z [ u , u - 1 ] ; 
P r o p o s i t i o n 15/With n o t a t i o n as above, and w i t h H (F) f i n i t e , 
q 
we have; 
fa,b] = £ \ ) <x,y> (0 d e n o t i n g the i d e n t i t y o f Z^) 
0 
where ^ i s the map d e f i n e d a t t h e end of s e c t i o n ( 1 . 4 ) , and 
€ i s d e f i n e d a s f o l l o w s . We d e f i n e the map e : Q ( t ) *Q by 
e x p r e s s i n g any r a t i o n a l f u n c t i o n a s a sum of p a r t i a l 
f r a c t i o n s , whose d e n o m i n a t o r s a r e powers o f i r r e d u c i b l e 
p o l y n o m i a l s , t o g e t h e r w i t h a r a t i o n a l p o l y n o m i a l ; e i s then 
d e f i n e d by t a k i n g the sum o f t h o s e terms whose den o m i n a t o r s 
a r e not powers o f ( 1 - t ) , and s e t t i n g t = l . C l e a r l y e(A.)c Z; 
so e i n d u c e s a map £ :Q(t)/A * Q/Z as r e q u i r e d . 
P r o o f L e t d(u) be the A l e x a n d e r p o l y n o m i a l o f k. Then, a s i n 
( 1 . 4 ) , we def i n e ; 
A ( u ) = S(u) = r~Td(*u) 
S (u) must a n n i h i l a t e H^(it) , s i n c e i t i s d i v i s i b l e by d ( u ) ; 
so we may f i n d c h a i n s S € C^ + l (ft) , £fcC^(K) such t h a t 3s 
r e p r e s e n t s S(u)x, and t r e p r e s e n t s y. Then we have 
<x,y> = ( I (S,u Z) u )/£(u) 
i=-co 
C o n s i d e r i n g the e x a c t s e q u e n c e s ; 
u -1 ^ p 
0 » c (K) > C (K) > C (F) > 0 
q+1 q+1 q+1 
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u * - l r 
C (K) > C (K) *• C (F) 
q q q 
we s e e t h a t r(£) r e p r e s e n t s b, and p(§) r e p r e s e n t s 
S(u) a=A(u'vv) a=A(D a. Now; 
|A(D | = | / ^ i d ( $ ) | = | R ( d ( u ) , u 
= |H ( F ) | by Fox ' s f o r m u l a 
q 
^ 0 by a s s u m p t i o n . 
So we may w r i t e [a,b] = I ( p ( S ) , r ( E ) ) / Ad) 
jm 
Now, u t p r o j e c t s down t o r ( t ) f o r a l l i n t e g e r s j , from 
the above sequence; so i f any o f t h e s e l i f t s i n t e r s e c t w i t h 
3, t h i s w i l l g i v e r i s e to i n t e r s e c t i o n s o f p ( 3 ) w i t h r ( t ) ; 
and the i n t e r s e c t i o n s c o r r e s p o n d i n g t o a l l t h e d i f f e r e n t 
l i f t s w i l l g i v e r i s e t o a l l t h e i n t e r s e c t i o n s o f t h e 
p r o j e c t i o n s , w i t h o u t d u p l i c a t i o n . So we may w r i t e ; 
Dm 
I ( p ( S ) , r ( t ) ) = 2 K § , u " t) 
j = -oo 
Then we have; 
°^ 3m 
[a,b] = ( 2^ I (§,ii t) ) / A d ) 
j=-oo 
= 6 ( V I (3,u t ) t ) /Ad) 
j=-eo 
= €z~£) <x,y> as d e s i r e d . // 
0 
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Example I I I L e t k be a s i m p l e ( 2 q - l ) - k n o t w i t h A l e x a n d e r 
module A / ( l - t + t l ) i = A . The s i x - t w i s t s p i n o f t h i s knot has 
qth A l e x a n d e r module; 
B = A / ( l - t 4 ) A s A/( ( 1 - t + t * ) 2 " , 1 - t 6 ) (A3) 
s A / ( l - t + t l ) ( ( l - t + t l ) , ( 1 - t ) (1+t) ( l + t + t l ) ) 
= A / ( l - t + t l ) (3,1+t) ( 2 , 1 + t + t 1 ) (A4) 
and the t o r s i o n e l e m e n t s a r e p r e c i s e l y t h e m u l t i p l e s of 
l - t + t * " . E l e m e n t s of A p r o j e c t i n g t o t o r s i o n e l e m e n t s must 
then be o f t h e form ( l - t + t * ) x f o r x i n A. But we must have; 
< ( 1 - t + t 1 ) x, ( 1 - t + t 2 ) y> = < ( l - t " ' + t a ) ( 1 - t + t 1 ) x,y> 
= <t~2~ ( 1 - t + t * j1 x,y> = <0,y> = 0 
and t h e r e i s no hope o f d e r i v i n g the p a i r i n g on t h e t o r s i o n 
p a r t o f B by such a s t r a i g h t f o r w a r d a p p r o a c h . However, the 
n e x t s e c t i o n w i l l s u g g e s t methods t o compute s u c h t o r s i o n 
p a i r i n g s , a s w e l l a s f u r t h e r t e c h n i q u e s f o r r e c o g n i z i n g 
t w i s t - s p u n k n o t s 
3.3 RELATING DIFFERENT TWIST-SPINS OF THE SAME KNOT. 
Suppose t h a t m and n a r e two i n t e g e r s , w i t h n d i v i d i n g m. 
We may c o n s t r u c t t h e M i l n o r e x a c t s e q u e n c e s c o r r e s p o n d i n g t o 
the n- and m-fold c y c l i c c o v e r s o f k a s below; 
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-*• H ("ST ) > H (X) s- H (X) • H (X ) 
q+1 n q q q n 
i j 
/v ~ rsy 
0 > H (X ) > H (X) s> H (X) *• H (X ) * 0 
q+1 m q q q m 
m n 
where i i s d e f i n e d a s m u l t i p l i c a t i o n by ( t - l ) / ( t -1) and j 
i s i nduced by i . T h i s d iagram c l e a r l y commutes; and any 
m u l t i p l e of ( t ^ - l ) / ( t ^ - l ) i n H^(X^) i s t h e p r o j e c t i o n o f an 
element i ( x ) which i s a m u l t i p l e o f t h i s p o l y n o m i a l i n fl^(X). 
S i n c e j ( p ^ ( x ) ) = p m ( i ( x ) ) , we s e e t h a t j maps onto t h e module; 
m ^ ( t -1).H (X ) 
n q m 
( t -1) 
I f H^(X K) i s f i n i t e , t h e n we may deduce t h a t t h e o r d e r o f 
t h i s module d i v i d e s t h e o r d e r of H^(X R)_ I f k has A l e x a n d e r 
p o l y n o m i a l A ( t ) , t h e n we have; 
n 
|fl (X ) | = | R ( t -1, A ( t ) ) | 
q n 
= r \ | R ( { ( t ) ,&(t) ) | 
d| n ' d 
= r \ [ N (F )1 
d| n d 0 
w i t h the n o t a t i o n a s i n c o r o l l a r y 14. T h i s g i v e s us a s i m p l e 
n u m e r i c a l c o n d i t i o n f o r d e t e r m i n i n g whether a knot whose 
module i s i n f i n i t e , but not t o r s i o n - f r e e , may be an m - t w i s t 
s p i n i f m i s c o m p o s i t e ; 
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P r o p o s i t i o n 1 6 / I f a s i m p l e e v e n - d i m e n s i o n a l knot 1 w i t h q t h 
A l e x a n d e r module B whose o r d e r i d e a l i s F 6 i s to be an 
m - t w i s t s p i n , then we must have; 
m 
( t -1) .B 
n 
( t -1) 
d i v i d i n g / \N (F ) f o r a l l n 
' ' d 0 
d i n 
m 
I f B i s f i n i t e , t h e n t h e s e o r d e r s must be e q u a l . 
P r o o f The l a s t remark f o l l o w s from n o t i n g t h a t when B i s 
f i n i t e , H ^ f X ^ ) = H^ t,(X m) = 0 f o r a l l n d i v i d i n g m; and the 
map j i n the diagram above must be an i n j e c t i o n by a 
g e n e r a l i s a t i o n of t h e 5-lemma. // 
The c a s e s n=m and n=l c o r r e s p o n d t o c o r o l l a r y 14 and t h e f a c t 
t h a t B must be a n n i h i l a t e d by t ^ - l ( t - 1 i s an automorphism o f 
B) r e s p e c t i v e l y . We may a l s o d e r i v e the t o r s i o n p a i r i n g on 
X M, and hence on the m - t w i s t s p i n o f k, as f o l l o w s ; 
P r o p o s i t i o n 1 7 / L e t a,b« H^(X) map t o t o r s i o n e l e m e n t s o f 
H^X^) , and l e t [,]„,,[,]* denote the t o r s i o n p a i r i n g s on t h e 
images o f H^(X) under the maps p ^ and p^. Then we have; 
[a,b] 
m 
( t -1) 
a, n . b 
( t -1) 
m 
Pr o o f Denote by pK:Km t h e n a t u r a l p r o j e c t i o n map, so 
t h a t P nP^=p a; where, a s u s u a l , we a r e u s i n g the same n o t a t i o n 
f o r a map and f o r i t s i n d u c e d map i n c h a i n groups and 
homology modules. F o r some non-z e r o i n t e g e r k, kp a=0; so we 
may f i n d a c h a i n 3 i n C ^ / K ^ ) whose boundary r e p r e s e n t s t h i s 
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e l e m e n t . Then p^a w i l l have boundary r e p r e s e n t i n g kp^a, 
p r o v i n g our f i r s t a s s e r t i o n - I f Be C^fK^) i s a d u a l c y c l e 
r e p r e s e n t i n g p^b, the n B w i l l have m/n d i s t i n c t l i f t s t o 
c<^(*Cj I r e p r e s e n t i n g e l e m e n t s p ^ t * 1 1 b f o r 0 ^ i < m / n ; and the 
t o t a l number o f i n t e r s e c t i o n s o f t h e s e w i t h 3 w i l l be t h e 
same a s the number o f i n t e r s e c t i o n s o f B w i t h p * a . So, by 
d e f i n i t i o n o f the L e v i n e p a i r i n g i n the f i b r e d c a s e ; 
m/n^ -1 n i 
[a,b] = 2Z [ a f t b] 
m i=0 m 
n i 
= [ a , { / t )b] by l i n e a r i t y 
m 
m n 
= [ a , ( t - l ) / ( t - 1 ) . b ] . // 
m 
I n example I I I , t h e 2- and 3 - t w i s t s p i n s of the k n ot w i t h 
module A./ ( ( l - t + t 1 ) * " ) have f i n i t e modules, t h e s e b e i n g 
A / ( 9 , l + t ) and A/(4,1+t+t*") r e s p e c t i v e l y ; so we c a n work out 
t h e p a i r i n g s f , ] ^ and [ , ] 3 on X u s i n g p r o p o s i t i o n 15. Then 
we have; 
[ a , ( l + t S t ^ b l ^ = [ a , b ] z 
[ a , ( l + t * ) b ] t = [ a , b ] 3 
and, s i n c e l - t + t ' z = ( l + t l + t H ) - t (1+t^) we have; 
[ a , ( 1 - t + t ) b ] 6 = [ a , ^ - [ a , t b ] s , 
which i s s u f f i c i e n t t o d e t e r m i n e t h e L e v i n e p a i r i n g on 
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H^(Kf 6 ) , a s a l l t h e t o r s i o n e l e m e n t s a r e m u l t i p l e s o f l - t + t * \ 
U n f o r t u n a t e l y , t h i s method does not appear t o be s u f f i c i e n t 
even to c a l c u l a t e t h e t o r s i o n p a i r i n g on t h e ( 6 k ) - t w i s t s p i n 
of a knot w i t h t h i s module f o r k > l . 
3.4 TWO CLASSES OF F I N I T E KNOT MODULES 
I n an a t t e m p t t o f i n d a r e a s o n a b l y wide s p e c t r u m o f 
examples o f k n o t s where we c a n d e t e r m i n e w h i c h a r e t h e 
t w i s t - s p u n k n o t s , we w i l l look a t two c l a s s e s o f f i n i t e 
A-modules which may be w r i t t e n i n s t a n d a r d forms ( a s a sum o f 
c y c l i c modules i n each c a s e ) , and where t h e p a i r i n g s a r i s i n g 
have been c l a s s i f i e d . The f i r s t i s m o t i v a t e d by t h e form o f 
the modules of t w i s t - s p u n c y c l o t o m i c k n o t s , a s i n s e c t i o n 
( 2 . 3 ) ; and we s h a l l s e e t h a t , i n a s e n s e t o be made p r e c i s e 
l a t e r , the modules a r i s i n g t h e r e a r e t h e o n l y modules of t h a t 
form which s a t i s f y the c o n d i t i o n s o f p r o p o s i t i o n 16. The 
second c l a s s i s t h e c l a s s of s e m i s i m p l e modules d e f i n e d by 
Jo n a t h a n H i l l m a n i n [H2] . 
C l a s s I ; Modules A n n i h i l a t e d by S q u a r e f r e e I n t e g e r s n 
I n t h i s c a s e we may w r i t e our modules a s d i r e c t sums o f 
t h e i r p - p r i m a r y components f o r a l l p d i v i d i n g n. T h i s 
d e c o m p o s i t i o n w i l l be o r t h o g o n a l w i t h r e s p e c t t o t h e t o r s i o n 
p a i r i n g , s i n c e i f x i s i n the p - p r i m a r y p a r t ( s o i s 
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a n n i h i l a t e d by p, a s n i s s q u a r e f r e e ) , and y i s a n n i h i l a t e d 
by a n o t h e r prime q, t h e n the p a i r i n g [x,y]£ Q/Z w i l l be 
a n n i h i l a t e d by both p and q, so must be z e r o . So we need 
o n l y c o n s i d e r t h e c a s e o f modules a n n i h i l a t e d by p r i m e s p; 
t h e n our p a i r i n g s w i l l t a k e v a l u e s i n Z pc Q/Z; and the problem 
i s e q u i v a l e n t to t h a t o f c l a s s i f y i n g Z p - i n n e r p r o d u c t s p a c e s 
w i t h i s o m e t r i e s . T h i s was a c h i e v e d by John M i l n o r i n [M2], 
a s f o l l o w s ; s i n c e Z p [ t , t * ' ] i s a p r i n c i p a l i d e a l domain, we 
c a n s p l i t up our module as a d i r e c t sum o f c y c l i c components 
o f the form A/(q(t)'VV)» where A„=Z„ [ t , t"] and q i s 
i r r e d u c i b l e ; and the s p l i t t i n g may be c h o s e n so t h a t any two 
components a n n i h i l a t e d by q " and q * a r e o r t h o g o n a l , u n l e s s 
q ^ q ^ and m=n, when the terms may be grouped t o g e t h e r i n 
p a i r s t o form h y p e r b o l i c summands (where q ~ r i f f q i s e q u a l 
t o a u n i t + t c t i m e s r ) . The p a i r i n g s on t h e s e h y p e r b o l i c 
summands a r e u n i q u e l y d e t e r m i n e d by the module s t r u c t u r e ; and 
so a r e the p a i r i n g s on the q ( t ) - p r i m a r y p a r t s o f t h e module, 
f o r q(t)9^1+t, b e c a u s e of theorem 3.3 and example 1 i n s e c t i o n 
1 o f [M2]. I f q ( t ) ~ l + t , t h e n we may i g n o r e t h e c a s e where 
p=2, s i n c e l - t = l + t (mod 2) c o u l d not be an automorphism. We 
may w r i t e the q - p r i m a r y p a r t o f our module as V ©V ©...©V , 
where V 1 i s f r e e o v e r Z p [ t ] / ( ( l + t ) L ) ; t h i s s p l i t t i n g may a l s o 
be c h o s e n to be o r t h o g o n a l . Then a c o m p l e t e i n v a r i a n t f o r 
£-symmetric p a i r i n g s on V 1 , on w h i c h t a c t s as an i s o m e t r y i s 
g i v e n by a ( - l ) l " ' e - s y m m e t r i c p a i r i n g on v V f l + t l V 1 , w h i c h i s 
a v e c t o r s p a c e over Z^. Now the s y m m e t r i c p a i r i n g s on a 
- 47 -
Z p - v e c t o r s p a c e a r e c l a s s i f i e d by rank and d e t e r m i n a n t , w h i c h 
l i e s i n U ( Z p ) / ( • ( Z p ) ) z ; so t h e r e a r e o n l y two o f t h e s e f o r 
e a c h rank; and an a n t i - s y m m e t r i c one o n l y e x i s t s f o r even 
r a n k s , when i t w i l l be u n i q u e . So we have the f o l l o w i n g 
r e s u l t ; 
P r o p o s i t i o n 18/Any f i n i t e knot module which i s a n n i h i l a t e d by 
a s q u a r e f r e e i n t e g e r s p l i t s up as a d i r e c t sum, o r t h o g o n a l 
w i t h r e s p e c t t o the t o r s i o n p a i r i n g , o f t h r e e t y p e s o f 
summand; 
i i _ 
( i ) A / ( P f q ( t ) ) © A / ( P > q ( t ) ) P prime, q f q i r r e d u c i b l e 
i _ 
( i i ) A/(P,<l(t) ), q ~ q i r r e d u c i b l e , degree^2 
i r 0 
( i i i ) [ A / ( P f ( l + t ) ) ] where t h i s d e n o t e s a d i r e c t s C ^ -
of r l i k e terms. 
Summands of t y p e s ( i ) and ( i i ) have unique symmetric and 
a n t i - s y m m e t r i c p a i r i n g s d e f i n a b l e on them; and summands o f 
t y p e ( i i i ) have a unique (-1)^ '-symmetric p a i r i n g i f and o n l y 
i f r i s even, but two d i s t i n c t p a i r i n g s o f the o t h e r symmetry 
whatever the v a l u e o f r . // 
We have seen i n s e c t i o n (2.3) t h a t the t w i s t s p i n s o f 
c y c l o t o m i c k n o t s have modules which, p r o v i d e d t h e y a r e 
f i n i t e , a r e o f t h i s form. The r e s u l t i n g modules w i l l a l l be 
o f type ( i i ) , e x c e p t t h o s e r e s u l t i n g from ( 2 p ^ ) - t w i s t 
s p i n n i n g a knot whose mi n i m a l p o l y n o m i a l i s of t h e form 
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d> J t ) , l>k„ Then, s i n c e a l l modules o f t y p e ( i i ) s u p p o r t 
if 
unique p a i r i n g s , K o j i m a ' s c l a s s i f i c a t i o n o f odd f i n i t e s i m p l e 
e v e n - d i m e n s i o n a l k n o t s ( [ K o ] ) shows us t h a t any su c h knot o f 
d i m e n s i o n g r e a t e r than 6 w i t h module; 
pk r 
t A / ( P f ( $ ( t ) ) ) ] p an odd prime,p,|'m,m^2 
m 
i s t h e t w i s t - s p i n of a c y c l o t o m i c knot. Modules of t y p e 
( i i i ) above a r i s e from ( 2 p h ) - t w i s t s p i n n i n g c y c l o t o m i c k n o t s 
w i t h minimal p o l y n o m i a l $^^t.(t), l>k; and i n t h i s c a s e we 
must i n v e s t i g a t e which p a i r i n g s c a n o c c u r . We b e g i n w i t h t h e 
c a s e o f a 2 - t w i s t spun knot, and e x t e n d t o t he g e n e r a l c a s e 
u s i n g p r o p o s i t i o n 17. The 2 - t w i s t s p i n of a knot w i t h 
A l e x a n d e r p o l y n o m i a l A ( t ) w i l l have an A l e x a n d e r module whic h 
may be c o n s i d e r e d a s an A b e l i a n group o f o r d e r | A ( - 1 ) | , on 
which t a c t s a s m u l t i p l i c a t i o n by -1. To work o u t t h e 
p a i r i n g we u s e the f o l l o w i n g r e s u l t , where 0 d e n o t e s t h e 
i d e n t i t y e l e m e n t o f z z . 
Lemmal9/€-v>(f ( t ) / A ( t ) ) = [ f (-1) . ( A ( - l ) +1)/2] / A ( - l ) 
= £ d t 1 , P r o o f L e t A ( - t ) = 2_.d t > d = d 7*0» 
- r i r - r 
s 1 
and f ( t ) = a t . Then; 
- s i 
e^> ( f ( t ) / A ( t ) ) = [ ( f ( t ) . A ( - t ) ) / ( A ( t ) . A ( - t ) ) 1 
0 0 
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= ( i L t a d ) / ( A ( t ) . A (-t) ) ] 
0 j + k = i j k 
= [ ( X ] a d ) / A ( - D ] ^  Q/Z as A(D=1 
j k 
where t h e sum i s t a k e n over a l l v a l u e s of j and k which a r e 
c o n g r u e n t to e a c h o t h e r modulo 2. We note t h a t t w i c e t h e sum 
of t h e c o e f f i c i e n t s d^ f o r i even i s e q u a l t o and 
t w i c e t h e sum over odd i i s e q u a l t o . I f we l e t 
D=A(-1), the n modulo D we have; 
2 X ^ a d = £ l a ( D + ( - l ) ] ) (sum o v e r j = k (mod 2 ) ) 
]T]a d = [ ( D + l ) / 2 ] . X a (D+f-l)"") (D i s odd) 
j k j 
= [ (D+U/2] .£a ( - l ) 3 = f (-1) . (D+l)/2 
j 
a s c l a i m e d . // 
I f our knot to be t w i s t - s p u n i s a ( 2 q - l ) - k n o t w i t h q even, 
and has m i n i m a l p o l y n o m i a l <J>j^i(t)r t h e n i t s rank over t h e 
r ing A/ ( j l^) must be even, s i n c e 5l^«-(~l)=P i - s n o t an odd 
s q u a r e . A s k e w - H e r m i t i a n form c a n a l w a y s be d e f i n e d on s u c h 
a module u s i n g a h y p e r b o l i c form ( s e e [ B a ] , d e f i n i t i o n 3 . 6 ) . 
The t w o - t w i s t s p i n w i l l t h e n have a t o r s i o n p a i r i n g w h i c h i s 
unique up t o i s o m e t r y by p r o p o s i t i o n 18, i=p b e i n g odd h e r e . 
The o n l y c a s e where the module o f t h e t w i s t - s p i n of s u c h a 
knot s u p p o r t s d i f f e r e n t p a i r i n g s i s when we s t a r t w i t h a 
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( 2 q - l ) - k n o t f o r q odd. G i v e n a p o l y n o m i a l f ( t ) s u c h t h a t 
f ( t ) = f ( t ~ ' ) , which r e p r e s e n t s a u n i t o f A/(£ .) , we may d e f i n e 
the rank one H e r m i t i a n form; 
<,> : A/(£ ,) x A / ( f ) —» Q(t)/A 
f 2 p L 2pu 
by ( x ( t ) , y ( t ) ) - — > fxy"/$ 
where we have d i v i d e d by a power of t so t h a t 
^ ,.( t ) = ^ p u ( t ' ) • I f our o r i g i n a l knot has a H e r m i t i a n p a i r i n g 
which i s a d i r e c t sum o f <t>^. w i t h ( r - 1 ) c o p i e s of <,>, , th e n 
the d e t e r m i n a n t o f the t o r s i o n p a i r i n g of i t s t w o - t w i s t s p i n 
w i l l be g i v e n by 
r r 
[ (£ (-D+D/2 ] . f ( - l ) = [ ( p + l ) / 2 ] . f ( - l ) (mod p) 
2p 
u s i n g lemma 19. Which of t h e two p o s s i b l e p a i r i n g s we 
w i l l o b t a i n i s d e t e r m i n e d by whether t h i s i s a s q u a r e 
(mod p ) , hence by whether f ( - l ) i s a s q u a r e (mod p ) . We 
s h a l l d e m onstrate t h a t f may be c h o s e n so t h a t f ( - l ) has any 
non-zero v a l u e (mod p ) , so t h a t both p a i r i n g s c a n be r e a l i s e d 
by t w i s t - s p u n k n o t s . 
-k 2k+l k, i i 
D e f i n e u ( t ) = t . ( t + l ) / ( t + l ) = t 
k -k 
We c l a i m t h i s i s a u n i t (mod ^ L) p r o v i d e d p does not 
d i v i d e 2 k + l ; f o r then t h e r e w i l l be an odd i n t e g e r h s u c h 
t h a t h ( 2 k + l ) = l (mod 2 p u ) , and t h e i n v e r s e i s g i v e n by; 
k h ( 2 k + l ) 2k+l 
t . ( t + D / ( t +1) 
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i s c l e a r l y s e l f - c o n j u g a t e ; and u ^ ( - l ) = 2 k + l c a n be c h o s e n 
to t a k e any g i v e n non-zero v a l u e (mod p) , as desir e d . , 
k 
I n t h e c a s e of t he (2p ) - t w i s t s p i n f o r k < l , we have, by 
p r o p o s i t i o n 17; 
2p* 2 
[a , ( t - l ) / ( t - 1 ) . b ] = [a,b] 
2pK 2 
2p* 2 p K 
Working modulo p, t -1 = ( t -1) , so; 
2p* 2 p * - l p * - l 
( t - l ) / ( t -1) = (t+1) ( t - 1 ) 
But by M i l n o r ' s work, the i s o m e t r y c l a s s of t h e p a i r i n g [,] 
on the module A/(P»(t+1)^^) i s d e t e r m i n e d by t h e p a i r i n g 
[ a , ( t + l ) P b ] ; s o , s i n c e ( t - 1 ) i s an automorphism, t h e two 
p a i r i n g s on t he ( 2 p * ) - t w i s t s p i n s c o r r e s p o n d t o t he two 
d i s t i n c t p a i r i n g s on the 2 - t w i s t s p i n s , and we have seen t h a t 
both of t h e s e c a n a r i s e . 
By t h e r e s u l t s o f s e c t i o n (2.3) , A/(Pr(t+l)r ) a r i s e s a s 
th e module o f an m - t w i s t spun knot w i t h A l e x a n d e r p o l y n o m i a l 
£ t ( t ) p r o v i d e d t h a t t h e h i g h e s t common f a c t o r o f m and 2p 
i s 2plK. So t h i s module a r i s e s from a 2 p * r - t w i s t spun knot, 
p r o v i d e d p | r ; and, by p r o p o s i t i o n 17; 
2 p kr 2 p k 
[a , ( t - l ) / ( t - 1 ) . b ] = [a,b] 
2 p V 2p k 
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2p*r 2p* 
S i n c e ( t - l ) / ( t -1) i s a p r o d u c t o f c y c l o t o m i c 
p o l y n o m i a l s ^ j T - ^ ^ f o r p / f s > l , i t i s an automorphism o f 
A/(P» ( t + l ) f > ) s i n c e R f t + l , ^ ^ ) =1. So once a g a i n t h e p a i r i n g s 
on t h e 2 p l , , r - t w i s t s p i n s a r e d e t e r m i n e d by t h e p a i r i n g s on t h e 
2 p k - t w i s t s p i n , and both p o s s i b i l i t i e s c a n a r i s e . 
C l a s s I I ; S e m i s i m p l e Modules 
We w i l l use t he f o l l o w i n g c h a r a c t e r i z a t i o n of s e m i s i m p l e 
modules g i v e n i n theorem 1 p a r t ( i i i ) of [ H 2 ] , which s a y s 
t h a t a f i n i t e A.-module M i s s e m i s i m p l e i f i t i s a n n i h i l a t e d 
by an i d e a l o f t h e form; 
r e 
Ann(M) = J~\(P ,9 ( t ) ) 
i = l 
where t h e p^ a r e p r i m e s , and e a c h g,; i s an i r r e d u c i b l e f a c t o r 
(modulo p ) o f some c y c l o t o m i c p o l y n o m i a l . F u r t h e r m o r e , we 
i n s i s t t h a t t h e maximal i d e a l s (P;,g;) a r e a l l d i s t i n c t . 
Then p a r t ( i i ) o f the same theorem t e l l s us t h a t s u c h modules 
s p l i t up a s a d i r e c t sum o f c y c l i c modules o f t h e form 
A / ( p e , g ) , where g i s i r r e d u c i b l e (mod p € ) ; and any su c h 
d i r e c t sum must be a s e m i s i m p l e module, a s by l o o k i n g a t t h e 
powers o f t h e image of t i n t h e s e f i n i t e summands, some of 
which must be e q u a l , we s e e t h a t g must be an i r r e d u c i b l e 
f a c t o r (mod p ) o f t -1 f o r some n, and hence o f some 
c y c l o t o m i c p o l y n o m i a l . 
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The d e c o m p o s i t i o n o f M c a n be r e a r r a n g e d i n t o groups o f 
summands a n n i h i l a t e d by powers o f d i f f e r e n t maximal i d e a l s ; 
and t h i s c o a r s e r d e c o m p o s i t i o n w i l l be o r t h o g o n a l w i t h 
r e s p e c t t o the t o r s i o n p a i r i n g , a s i n s e c t i o n 2 o f [ H 2 ] . I f 
we w r i t e M a s M^M^. where M, i s a sum o f c y c l i c modules of 
th e form A./(p e, t+1) , and c o n t a i n s no s u c h summands , then 
t h e u s u a l i n v o l u t i o n ( c o n j u g a t i o n ) i n d u c e d by t i — • t - 1 w i l l be 
n o n - t r i v i a l on Mt; t h e c o r o l l a r y t o theorem 2 of [H2] shows 
t h a t M t o n l y s u p p o r t s one p a i r i n g up t o i s o m e t r y . On H ( r t h e 
i n v o l u t i o n i s t r i v i a l ; by c o r o l l a r y 1 o f [H2] t h e r e c a n be a t 
most one i s o m e t r y c l a s s of a n t i - s y m m e t r i c p a i r i n g s on t h i s 
module; and by c o r o l l a r y 2, t h e r e w i l l be e x a c t l y 2 
sy m m e t r i c ones, where r i s t h e number of d i s t i n c t i r r e d u c i b l e 
summands; and t h e s e p a i r i n g s a r e d i s t i n g u i s h e d by t h e r 
d e t e r m i n a n t s o f t he p a i r i n g s on t h e summands made up o f t h e s e 
d i f f e r e n t i r r e d u c i b l e p a r t s . Thus as i n the c a s e of modules 
a n n i h i l a t e d by s q u a r e f r e e i n t e g e r s , we do not have t o worry 
about t h e p a i r i n g when t r y i n g to d e t e r m i n e which s i m p l e 
( 2 q ) - k n o t s may be t w i s t spun f o r q even. 
I f q i s odd, we must c o n s i d e r t h e p a i r i n g on submodules o f 
t h e form A / ( p e , t + l ) . T h e s e a r i s e a s t h e the modules of 
2 - t w i s t spun k n o t s w i t h modules A/($^,) a s ; 
2 e e 
A / ( t -1,$ ) = A / ( t + l , $ ) ( a s t-1 i s an automorphism) 
2p 2p 
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= A / ( t + l , $ (-1) ) 
2p 
e 
= A / ( t + l , p ) 
To r e a l i s e t h e two p o s s i b l e p a i r i n g s , we need t o f i n d two 
s e l f - c o n j u g a t e p o l y n o m i a l s f (, f x r e p r e s e n t i n g u n i t s o f A / ) 
such t h a t f , ( - l ) i s a s q u a r e (mod p e ) , and f (-1) i s not, by 
lemma 19. Now; 
e 
f i s a u n i t (mod <j> ) 
i 2p 
e 
< = > 3 h ( t ) s u c h t h a t f ( t ) h ( t ) = l (mod <j> ) 
i 2p 
<=> ( f , £ e ) = J\ 
i 2p 
e 
< = > | R ( f ,£ ) | = 1 ( A l ) 
i 2p 
< = > | R ( f ,$ )|=1 (R3) 
i 2p 
<=> f i s a u n i t (mod <]> ) 
i 2p 
Such f^ r e p r e s e n t i n g u n i t s (mod were found w h i l e 
i n v e s t i g a t i n g p a i r i n g s on the f i r s t c l a s s o f f i n i t e knot 
modules; and f j . ( - l ) w i l l be a n o n - z e r o s q u a r e (mod p c ) i f and 
o n l y i f i t i s a n on-zero s q u a r e (mod p ) . A l s o , by u s i n g an 
e x a c t l y s i m i l a r method to t h a t used f o r t h e f i r s t c l a s s o f 
modules, and the f a c t t h a t R ( ^ , ^ r ) = l i f p does not d i v i d e r , 
we s e e t h a t t h e s e modules a r i s e from ( 2 r ) - t w i s t s p i n s , 
p r o v i d e d ( p , r ) = l , and t h a t both p o s s i b l e p a i r i n g s c a n a r i s e . 
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Having r e a l i s e d e a ch c y c l i c module and p a i r i n g o f t h i s 
form a s t he module and p a i r i n g o f a ( 2 r ) - t w i s t s p i n f o r 
s u i t a b l e r , we may o b t a i n any s e m i s i m p l e module on which t h e 
i n v o l u t i o n i s t r i v i a l , t o g e t h e r w i t h any p a i r i n g , by t a k i n g a 
c o n n e c t e d sum o f s u i t a b l e o d d - d i m e n s i o n a l k n o t s w i t h modules 
A/($4p\) and forming i t s ( 2 r " ) - t w i s t s p i n , where r " i s 
d i v i s i b l e by a l l t h e v a l u e s o f r c o r r e s p o n d i n g t o t h e 
summands, so long a s none o f t h e s e v a l u e s a r e d i v i s i b l e by 
any o f t h e d i f f e r e n t p r i m e s p.. 
.5 F I N I T E CYCLIC KNOT MODULES 
I n t h i s s e c t i o n we i n v e s t i g a t e a s i t u a t i o n i n which t h e 
n e c e s s a r y c o n d i t i o n s o f p r o p o s i t i o n 13 and c o r o l l a r y 14 a r e 
c l o s e t o be i n g s u f f i c i e n t . 
P r o p o s i t i o n 2 0 / I f I i s an i d e a l o f A. s u c h t h a t A/I i s f i n i t e , 
t hen A/1 i s t n e module of an m - t w i s t spun knot i f and o n l y 
i f ; 
m 
( i ) t -1 £ I 
( i i ) rr^I i s p r i n c i p a l and g e n e r a t e d by the image 
7T„,(A(t)) of a sym m e t r i c p o l y n o m i a l A, where 
7T„: A »-A/(t -1) i s the p r o j e c t i o n map. 
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and ( i i i ) | A / l | = 7~~\N I 
d|m d 
P r o o f The " o n l y i f " p a r t f o l l o w s from p r o p o s i t i o n 13 and 
c o r o l l a r y 14. Suppose now t h a t a l l t h r e e c o n d i t i o n s above 
a r e s a t i s f i e d f o r some S i n c e A/I i s a knot module, ( t - 1 ) 
must a c t a s an automorphism, so; 
A / i A 
0 = s (A3) 
( t - l ) A / I I + ( t - l ) 
'. A = I + ( t - l ) 
So TI, ( I ) = A / ( t - 1 ) ; and i f TT^d) i s g e n e r a t e d by n ^ , ( A(t) ) we 
must have TT, ( A ( t ) ) = A(1) =iJ-. We may then d e f i n e a B l a n c h f i e l d 
p a i r i n g on A/(A>(t)) by < [ x ] , [ y ] > = x y / A ( t ) , where [] d e n o t e s 
c o s e t s i n ][/(&(t)). So t h e r e e x i s t s a s i m p l e ( 2 q - l ) - k n o t 
w i t h t h i s module, a t l e a s t f o r q odd. The module o f i t s 
m - t w i s t s p i n i s then 
m 
A/(A(t) , t -1) by (A3) 
m 
Now, by ( i i ) , t -1 € I ; and s i n c e TT., I i s g e n e r a t e d by 
7 T l v , ( A ( t ) ) , we must have A ( t ) +f ( t ) ( t * - l ) e. I f o r some feA, 
whence / \ ( t ) e I a l s o . Then t h e r e i s a p r o j e c t i o n map; 
m 
A / ( A ( t ) , t -1) > A / I 
but, by ( i i i ) ; 
d|m d 
= !7 VN <A(t)) I 
d|m d 
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= |/~~[R(A(t) ' i (fc>) I <A8> dim d 
m 
= |R(A,t -1) | (R3) 
m 
= l A / ( t - i , A ( t ) ) I 
so the above s u r j e c t i o n , mapping a f i n i t e module t o a n o t h e r 
of t h e same o r d e r , must be an isomorphism. // 
I n f a c t , c o n d i t i o n ( i i i ) i s a c o n s e q u e n c e of t h e o t h e r 
two, as i f t h e y h o l d we have; 
m 
I A / l | = | A / ( l + ( t - 1 ) ) | 
m 
A / ( t - i ) 
m m 
( I + ( t - l ) ) / ( t -1) 
m 
A / ( t -1) 
m 
A / ( t -1) 
T W M t ) ) 
m 
= |A/((t -1) , A ( t ) ) | 
m 
= | R ( A ( t ) , t -1) 
m|d d 
by ( i ) 
( 1 s t isomorphism theorem) 
by ( i i ) 
( 1 s t isomorphism theorem) 
( A l ) 
a s above. 
However, we s h a l l r e t a i n t h i s t h i r d c o n d i t i o n f o r the 
p r e s e n t , a s i t w i l l p r o v e t o be r e l e v a n t when we d i s c u s s t h e 
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m 
p r o j e c t i v e c l a s s group of A / ( t -1) i n c h a p t e r 4. 
I f A / I i s the module of a ( 2 q ) - k n o t f o r q even, so t h a t 
i t s u p p o r t s a skew-symmetric L e v i n e p a i r i n g , i t i s more 
d i f f i c u l t to d e c i d e whether t h e knot may be t w i s t - s p u n , 
a l t h o u g h the c o n d i t i o n s o f t h e p r o p o s i t i o n a r e s t i l l 
n e c e s s a r y . I f t ^ - l £ I where m i s odd, and r r ^ I = (TTH ( A ( t ) ) ) 
where A i s s y m m e t r i c , we c a n show t h a t A ( l ) = + l a s above. 
C o n s i d e r i n g the symmetry o f A shows us t h a t A ( - l ) - A ( D i s 
d i v i s i b l e by 4. I f we add some m u l t i p l e of ( t - 1 ) ( t - 1 ) , 
which has v a l u e 4 when t = - l , t o Ar we can g e t a new s y m m e t r i c 
p o l y n o m i a l A'(t) such t h a t g e n e r a t e s jv^l, A'(1 ) =±1=A(~1) • 
Then R (h , t-t"') = A ( l ) A ( - l ) =1; so t - t " 1 i s a u n i t o f A / (A) , and 
we c a n d e f i n e the s k e w - H e r m i t i a n p a i r i n g ; 
A/(*') XA/(A) > Q(t)/A 
( [x] , [y] ) > ( t - t - ' ) x y / ^ 
so t h a t t h e r e e x i s t s a ( 2 q - l ) - k n o t w i t h t h i s module and 
p a i r i n g , which has a ( 2 q ) - k n o t w i t h module A/I a s i t s m - t w i s t 
s p i n p r o v i d e d | R ( A ( t ) , t ^ - l ) | = | A / I | . I f we c a n s a t i s f y t h e 
c o n d i t i o n s o f p r o p o s i t i o n 20 f o r some even m and s y m m e t r i c 
p o l y n o m i a l A, then we must have; 
-1 -1 
| R ( d , t - t ) | = |R(&, ( t - 1 ) (1+t ) | = | A ( 1 ) A ( - D I 
= N (&(t) ) .N ( A ( t ) ) 
1 2 
= N I.N I = N I 
1 2 2 
/ 
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a s ( 1 - t ) i s an automorphism o f A / I f where N^I d e n o t e s t h e 
p o s i t i v e i n t e g e r g e n e r a t i n g the norm o f the image o f I i n the 
d t h c y c l o t o m i c f i e l d , a s i n c o r o l l a r y 14. I f A/(£>) s u p p o r t e d 
a s k e w - H e r m i t i a n p a i r i n g <,> which was n o n - s i n g u l a r , then i t 
would have t o be g i v e n by < [ x ] , [ y ] > = f x y / A where f ( t ) , which 
may be t a k e n t o be of the form; 
i - i 
a ( t - t ) 
i 
p r o j e c t s t o a skew-symmetric u n i t o f A/(&). C l e a r l y , t - t " 1 
d i v i d e s f ( t ) ; so N , I . N L I = | R (t-t~',&) | d i v i d e s 
| R ( f ( t ) , A( t ) ) |, which must be e q u a l t o one f o r f t o p r o j e c t 
to a u n i t ; so such an f c a n o n l y e x i s t i f N^I=1, i n which 
c a s e we may t a k e f ( t ) = t - t " ' . So A / I i s the module o f t h e 
m - t w i s t s p i n o f a ( 2 q - l ) - k n o t w i t h module o f the form 
A./(Mt)) i f and o n l y i f N Z I = 1 and the o t h e r c o n d i t i o n s o f 
p r o p o s i t i o n 20 a r e s a t i s f i e d . 
C o n s i d e r i n g A / I a s an A b e l i a n group w i t h a skew-symmetric 
p a i r i n g , W a l l ' s c l a s s i f i c a t i o n o f q u a d r a t i c p a i r i n g s on 
f i n i t e A b e l i a n groups i n [Wa] shows t h a t we may s p l i t i t up 
as a sum o f groups ZpC 9Z^c w i t h h y p e r b o l i c p a i r i n g s , f o r p 
odd, t o g e t h e r w i t h a 2-group. Then i f our knot i s an m - t w i s t 
s p i n , we have; 
2 m i — r 
2 (k) = |A/I| = |R(&,t - 1 ) | = |/ \R(H,$ ) | 
d|m d 
where k i s an odd i n t e g e r . Now, <j>, i s a s y m m e t r i c p o l y n o m i a l 
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f o r d>2, when R(A/$^) w i l l be a s q u a r e by ( R 5 ) . So, s i n c e 
R(A,§ ( ) = A(l)=+1 and R (A,§ Z ) =A(-1) =4n+A(l) f o r some n, so t h a t 
A ( - l ) must be odd, we c o n c l u d e t h a t | A ( - 1 ) | i s an odd s q u a r e . 
I f we n o r m a l i z e so t h a t A ( l ) = l > then A ( - l ) = 4 n + l must be an 
odd s q u a r e , s i n c e - ( 4 n + l ) c a n n o t be a s q u a r e f o r any n ( a s -1 
i s not a s q u a r e (mod 4 ) ) . Then by theorem 2 o f [ L I ] , t h e r e 
i s a s i m p l e ( 2 q - l ) - k n o t w i t h A l e x a n d e r p o l y n o m i a l A, whose 
m - t w i s t s p i n has a module of the same s i z e (both b e i n g e q u a l 
t o | R ( t * - l , A ) |) a s A / I * and w i t h o r d e r i d e a l h a v i n g t h e same 
image i n A / ( t ' * - l ) . One would e x p e c t t h a t w i t h i n f i n i t e l y 
many c h o i c e s p o s s i b l e f o r A, a t l e a s t one s h o u l d be t h e 
A l e x a n d e r p o l y n o m i a l o f a ( 2 q - l ) - k n o t whose m - t w i s t s p i n has 
module A / I ; but I am u n a b l e t o t h i n k of a p r o o f o f t h i s . 
P r o p o s i t i o n 20, and the d i s c u s s i o n f o l l o w i n g , e n a b l e us t o 
g i v e some s u f f i c i e n t c o n d i t i o n s f o r a f i n i t e c y c l i c A. -module 
to s u p p o r t a n o n - s i n g u l a r t o r s i o n p a i r i n g ; 
P r o p o s i t i o n 21/With n o t a t i o n a s above, A/ 1 s u p p o r t s a 
s y m m e t r i c t o r s i o n p a i r i n g i f c o n d i t i o n s ( i ) - ( i i i ) of 
p r o p o s i t i o n 20 a r e s a t i s f i e d f o r some m. I t w i l l s u p p o r t a 
skew-symmetric p a i r i n g i f i n a d d i t i o n t h e s e c o n d i t i o n s a r e 
s a t i s f i e d f o r some odd m, or f o r an even m p r o v i d e d N, 1.^1=1 
Pr o o f B e c a u s e i n t h e s e c i r c u m s t a n c e s , A / I i s t n e module o f an 
e v e n - d i m e n s i o n a l t w i s t - s p u n knot o f the a p p r o p r i a t e 
d i m e n s i o n . // 
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4 IDEALS OF Z(Z ) 
i—m.— 
4.1 PRELIMINARIES 
I n t h i s c h a p t e r , we s h a l l assume t h a t our knot module i s 
a n n i h i l a t e d by t -1 f o r some m, so t h a t we may c o n s i d e r i t a s 
a module o v e r the r i n g A^Z (Z^) / ( t M - l ) „ We d e f i n e t h e 
p r o j e c t i o n O so t h a t t h e f o l l o w i n g diagram commutes; 
A 
7T m 
m A / ( t =D A 
m 
Many s t u d i e s have been made o f the p r o j e c t i v e c l a s s group 
f o r v a r i o u s v a l u e s o f m ( s e e [ R U 1 ] , [ G ] , [ K M ] ) ; but i n o r d e r t o 
be a b l e t o use t h i s work, we s h a l l have t o be a b l e t o 
i d e n t i f y w h i c h a r e the p r o j e c t i v e i d e a l s i n t h i s group r i n g ; 
we s h a l l do t h i s by comparing t h e index o f i d e a l s i n A ^ w i t 0 
the p r o d u c t o f t he i n d i c e s o f t h e i r p r o j e c t i o n s i n t o t h e 
c y c l o t o m i c r i n g s o f i n t e g e r s A / ( £ j f o r d d i v i d i n g m. 
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L e t Z ( p i = {a/b;a,b£ Z , ( b , p ) = l } be the l o c a l i s a t i o n of Z a t 
the prime p. T h i s has a m e t r i c d e f i n e d by d ( a / b , c / e ) = l / p l , 
where i i s t h e l a r g e s t power o f p d i v i d i n g the numerator, i n 
l o w e s t t e r m s , of a/b-c/e, p r o v i d e d t h i s i s not z e r o ; t h e 
d i s t a n c e w i l l be z e r o i f i t i s . We d e f i n e Z£> t o be the 
c o m p l e t i o n o f Z ^ w i t h r e s p e c t t o t h i s vruzJCru>' , which i s t h e 
r i n g of p - a d i c i n t e g e r s . An i d e a l I i n A,* w i l l t h e n be 
p r o j e c t i v e i f and o n l y i f Z^CSI i s f r e e i n Z ^ Z ^ ) ^or-oil prum^ p / csr 
e q u i v a l e n t l y i f y Z ^ S I i s f r e e i n Z£>(Z^) ( s e e [0] , [R01] ) . Then 
t h e index of Z^pi i n Z(t))(Z^) w i l l j u s t be the p-component o f 
t h e index of I i n Aw. Suppose 7,^1= (dp) , where dp i s a 
p o l y n o m i a l o v e r the r i n g Zlpi. Then; 
V 8 1 
(x g e n e r a t e s Z^) 
z ( r t [ t ] / ( f -1) 
m 
= |R(o(p,t -1) I 
= i rvup,^) 1 
d|m 
which i s the p r o d u c t o f the norms o f t h e images o f Z (^8I i n 
7,(^[ t ] / ( J ^ ) • S i n c e l o c a l i s a t i o n commutes w i t h t h e s e 
p r o j e c t i o n maps, we have proved; 
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P r o p o s i t i o n 2 2 / L e t n be the c o m p o s i t i o n o f t he p r o j e c t i o n 
maps A ^ A / l ^ ) w i t h the norm maps i n t o t h e i n t e g e r s . 
Then, f o r an i d e a l I t o be p r o j e c t i v e i n A^we must have; 
|A / I | = l7~\n . ( I ) | .// 
dim ^ 
I n f a c t we can r e v e r s e t h i s p r o p o s i t i o n ; t o do t h i s , we 
s h a l l p r o v e t h a t any i d e a l o f c o n t a i n s a p r o j e c t i v e i d e a l 
w i t h t h e same images i n the r i n g s A / • T h i s time we look 
a t t h e c o m p l e t i o n Z (p(Z M) o f A ; i f P does not d i v i d e |A^/11 t 
then Z^BI=Z<^(Z P 1) ; a t the o t h e r p r i m e s o f Z we w i l l show t h a t 
Z ^SI c o n t a i n s a f r e e i d e a l Lp w i t h the same p r o j e c t i o n s i n t o 
Z<£)[t] / (<j>^ ) „ Then t h e i n t e r s e c t i o n of I w i t h t h e v a r i o u s L p 
w i l l be the p r o j e c t i v e i d e a l we a r e l o o k i n g f o r , a s i n [ U ] , 
page 504. 
Over the p - a d i c i n t e g e r s , t -1 s p l i t s up a s a p r o d u c t o f 
d i s t i n c t p o l y n o m i a l s ; by H e n s e l ' s lemma, t h e r e w i l l be one 
f o r e a c h f a c t o r i n Z p [ t ] , a l t h o u g h t h e s e f a c t o r s w i l l not be 
d i s t i n c t i f p d i v i d e s m. So t h e i d e a l ( l - t M ) i n 7fa[t] i s the 
i n t e r s e c t i o n of t h e i d e a l s ( f ( , ( t ) ) , a s f , r u n s through t h e 
p - a d i c f a c t o r s o f t ^ - l . We may then break down t h e r i n g 
Z ^ Z ^ ) by a s e r i e s o f C a r t e s i a n s q u a r e s , u s i n g (A5) ; 
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i+1 
V 
» Z ( ^ [ t ] / ( f ) 
i+1 
(*) 
R > Z£[t]/(g , f ) 
i i i+1 
where g = /~~Jf , and R = Z f t [ t ] / ( g ) . 
j i < j i i i 
We s h a l l use t h e s e s q u a r e s to b u i l d up an i d e a l c o n t a i n e d i n 
Z^yai which p r o j e c t s t o t he same i d e a l s i n Z(£)[t] / ( f ^ ) ; a s the 
p r o j e c t i o n s o f Z$8I i n t o z£)[t]/(^) w i l l a l l be p r i n c i p a l 
( s i n c e a l l i d e a l s i n c y c l o t o m i c f i e l d s a r e p r o j e c t i v e , hence 
l o c a l l y f r e e ) , t h e s e p r o j e c t i o n s w i l l be d e t e r m i n e d by t h e 
p r o j e c t i o n s i n t o t h e r i n g s Z ^ [ t ] / ( f j ) , e s s e n t i a l l y b e c a u se 
e l e m e n t s i n the top l e f t of a C a r t e s i a n s q u a r e a r e d e t e r m i n e d 
by t h e i r p r o j e c t i o n s i n t o t h e a d j a c e n t c o r n e r s . 
S i n c e t h e r i n g s z£)[t]/(f;) a r e a l l l o c a l , w i t h maximal 
i d e a l s pZ (^[ t ] / ( f ^ ) , we may c o n s t r u c t t h e d e s i r e d f r e e i d e a l 
i n s i d e Z (^8I by i n d u c t i o n u s i n g t h e f o l l o w i n g lemma; 
Lemma 23/ Suppose R -> R 
V 
i s a C a r t e s i a n s q u a r e w i t h a l l maps s u r j e c t i v e , where R i s a 
l o c a l r i n g , and t h a t I i s an i d e a l o f R={ ( r , r J ^ R S R j f (r s) =g ( r ) 1 
which p r o j e c t s to p r i n c i p a l i d e a l s {<(.) , (£) o f R t ,R a 
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r e s p e c t i v e l y . Then 1 c o n t a i n s a p r i n c i p a l i d e a l w i t h t h e 
same p r o j e c t i o n s . 
P r o o f I n o r d e r f o r I t o p r o j e c t onto t h e s e i d e a l s , i t must 
c o n t a i n e l e m e n t s (of,v|i) , (utf,|i) f o r some u , v € R v , R z . I f u i s 
a u n i t o f R we may use the i d e a l g e n e r a t e d by ( u * , p ) ; 
o t h e r w i s e , we know t h a t R c o n t a i n s an e lement (w,v) f o r some 
w i n R|, so t h a t the i d e a l I c o n t a i n s t h e element; 
(w,v) (uoC , P ) - ( ^ , v p ) = ((wu-l)«:,0) 
s i n c e R i s l o c a l , and u i s not a u n i t , wu-1 must be a u n i t ; 
so i n f a c t I c o n t a i n s (ct,0) and (0,£) by f u r t h e r 
c a l c u l a t i o n s ; and hence i t c o n t a i n s (oC,) , which g e n e r a t e s 
t h e r e q u i r e d p r i n c i p a l i d e a l . // 
We a p p l y t h i s lemma to the s q u a r e s ( * ) , w i t h the i d e a l s 
(oc) , (p>) b e i n g e i t h e r the images o f 2^(2^) (81, or the p r i n c i p a l 
i d e a l , i n s i d e the image of t h i s i d e a l , thrown up by the 
p r e v i o u s a p p l i c a t i o n of the lemma; and i n t e r s e c t i n g the 
i d e a l s i n the r e l e v a n t l o c a l i s a t i o n s w i t h I g i v e s us t h e 
i d e a l i n d i c a t e d by the f o l l o w i n g p r o p o s i t i o n ; 
P r o p o s i t i o n 24/Any i d e a l o f 7, (Z^) c o n t a i n s a p r o j e c t i v e i d e a l 
w i t h the same s e t o f images i n the r i n g s Z [ t ] / ( ^ ) f o r d 
d i v i d i n g m. // 
C o r o l l a r y 2 5 / I f I i s any i d e a l o f f i n i t e index i n ,/\. / th e n ; 
m 
d|m 
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w i t h e q u a l i t y o n l y i f I i s p r o j e c t i v e . 
P r o o f From the p r o p o s i t i o n , any i d e a l c o n t a i n s a p r o j e c t i v e 
i d e a l w h i c h s a t i s f i e s t h e above i n e q u a l i t y , w i t h both s i d e s 
i n f a c t e q u a l by p r o p o s i t i o n 22; and, by ( A 7 ) , t h e s e two 
i d e a l s w i l l be the same i f and o n l y i f t h e p r o d u c t o f t h e i r 
"norms" a r e the same. // 
I am i n d e b t e d t o S t e v e W i l s o n f o r t he above r e s u l t , which 
w i l l g e n e r a l i z e t o o t h e r o r d e r s . 
4.2 KNOT MODULES WHICH ARE SUMS OF CYCLIC MODULES 
I n t h i s s e c t i o n we t a c k l e t h e s i m p l e s t g e n e r a l i s a t i o n o f 
the s i t u a t i o n i n s e c t i o n ( 1 . 5 ) , armed w i t h the above r e s u l t s . 
We r e c a l l t h e c o n d i t i o n s o f p r o p o s i t i o n 20, which s a i d t h a t 
t h e module A / I belonged t o an m - t w i s t spun knot p r o v i d e d ; 
( i ) 
m m 
t - l £ l ( i e . t -1 a n n i h i l a t e s A / i ) 
( i i ) TT»V\ I i s p r i n c i p a l and g e n e r a t e d by t h e image 
TT«v\(Mt)) o f a s y m m e t r i c p o l y n o m i a l A/ where 
7V„:A >A/(t**-l) i s t h e p r o j e c t i o n map. 
and ( i i i ) |A/I | = j N^ I 
d|m 
G i v e n a knot module M which i s a d i r e c t sum o f c y c l i c 
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modules A/I, ®A/1X® ... ®A/IS , t h i s module w i l l c e r t a i n l y 
b elong t o an m - t w i s t spun knot i f a l l o f t h e summands do; so 
the f i r s t t e s t we c a n p e r f o r m i s t o look a t a l l t h e d i f f e r e n t 
e x p r e s s i o n s o f M a s a d i r e c t sum o f c y c l i c A-modules ( u s i n g 
( A 6 ) ) , and s e e whether e a c h of t h e summands i n any of t h e s e 
a r r a n g e m e n t s s a t i s f i e s a l l t he above c o n d i t i o n s . I f none o f 
t h e s e summations show t h a t M does belong t o an m - t w i s t spun 
knot, we have o n l y been a b l e t o o b t a i n n e g a t i v e r e s u l t s , so 
t h a t t h e c h a r a c t e r i z a t i o n o f knot modules so a r i s i n g i s 
i n c o m p l e t e even i n t h i s s i m p l e c a s e . 
Suppose, t h e r e f o r e , t h a t we have w r i t t e n M a s a sum o f 
c y c l i c modules a s above, a t l e a s t one o f w h i c h f a i l s to 
s a t i s f y a l l t h e c o n d i t i o n s above. I f one f a i l s to s a t i s f y 
( i ) , t hen M w i l l not be a n n i h i l a t e d by t ^ - l , so c a n n o t a r i s e 
from an m - t w i s t s p i n by p r o p o s i t i o n 13. The same c o n c l u s i o n 
c a n n o t be drawn i f i t f a i l s t o s a t i s f y ( i i ) , a s l a t e r 
e xamples w i l l show; but the c o r r e s p o n d i n g r e s u l t does h o l d i n 
the c a s e o f c o n d i t i o n ( i i i ) ' s b e i n g v i o l a t e d , p r o v i d e d ( i ) 
h o l d s , as shown below; 
P r o p o s i t i o n 26/Suppose ^ - 1 1 I,, but |A ¥• | J \ NdL IJ • Then no 
knot w i t h f i n i t e module of the form A/I, © A/I-j^ ®...®A/Is c a n 
e v e r be an m - t w i s t s p i n f o r any c o l l e c t i o n o f i d e a l s I,, ...,1^ 
o f f i n i t e index i n A. 
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P r o o f 
m 
A / ( t - i ) 
m 
= | A / ( I , + ( t - 1 ) ) | 
= I A / I J 
m 
as t -1 a I, 
So 
m 
, by c o r o l l a r y 25, \f\/L,\ </\N^I,o Now, i f t -1 i s not 
c o n t a i n e d i n each o f the I j , t h e n our knot c a n c e r t a i n l y not 
be an m - t w i s t s p i n ; but i f i t i s , then we have; 
m 
A / ( f c - i ) f o r j > l , a s above. 
Then |A./I ® .. . ® A / I I 
1 s l A / i l / H l A / * I j > l j 
4 l A / * l / ~ \ ^ N 1 
dIm j > l d j 
- I A / ^ / 1 n <n*) 
dIm d j > l j 
< ^ v n i . > 
d|m 
So our knot c a n n o t be an m - t w i s t s p i n by c o r o l l a r y 14. // 
Example/ L e t J= (p, ((ji^f t ) ) L ) , where p does not d i v i d e m. 
C o n s i d e r t h e p r o j e c t i o n o f J i n t o Z [ ^ J , t h e r i n g o f 
i n t e g e r s i n the d t h c y c l o t o m i c f i e l d . U n l e s s d/m i s a power 
of p, we c a n f i n d an i n t e g e r q s u c h t h a t ; 
f ( t ) $ ( t ) + g ( t ) $ ( t ) = q 
m d d 
f o r some i n t e g e r p o l y n o m i a l s f,g as i n the p r o o f o f 
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p r o p o s i t i o n 12. So J j ^ c o n t a i n s q^, which i s coprime t o p; s o 
I f d=mp , then $ ( t ) = (<[> ( t ) ) (mod p) . 
d m 
k-1 i 
So i f p ( p - l ) $ i , then (<]> (\ )) =0 (mod p) and J = ( p ) ; 
m J d d 
(j>(d) 4>(m)cj)(p^) k-1 
so NJL(J) = p = p . I f ( p - l ) p > i , t h e n , 
because o f t h e way i d e a l s f a c t o r i s e i n Z [ J ^ ] ( s e e [ L a ] , page 
27),we have; 
i i 
J = ( P f ( ? CJ ) ) ) = ( P r J ) ) 
d m d m d 
_ i 
and (N J ) = (N(p,£ ($ ) ) ) (N i s the norm map) 
d m d 
i<t>(m) 
. . N J = p 
d 
Then / \N J = p , where s = (f>(m) [ Z!<j>(P ) + S i ] 
/ \ d j * S , j 6 S l 
d i n 
k k-1 k k-1 
and S l={k>0:mp |n, p ( p - l ) ^ i } , S 1_={k>0:mp |n, i<p (p-1) } 
i<J>(m) 
Now, |/i/l|=P ; s o i n o r d e r f o r I t o s a t i s f y t h e 
norm-product c o n d i t i o n , we must have; 
i = S ^ P 3 ) + H i j«S, j * S l 
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k ^ — i 
= P + Z_, i 
k k-1 
where k i s the l a r g e s t i n t e g e r s . t . mp |n and p ( p - 1 ) ^ i . 
B u t i t i s not hard t o s e e t h a t , i n o r d e r f o r t h i s e q u a t i o n t o 
h o l d , we must have i=p ; and then we must a l s o e n s u r e t h a t 
mp-^  does not d i v i d e n f o r i < p J ' ( p - 1 ) , i e . f o r j>k. 
Combining t h i s example w i t h p r o p o s i t i o n 26 shows t h a t no 
knot module which i s a sum o f c y c l i c modules, one of which i s 
A/(Pr§^) f o r pj'm and i not a power o f p, c a n belong t o any 
t w i s t spun k n o t . T a k i n g m=2, we have a l r e a d y s e e n t h a t i f i 
i s any power o f p, t h i s summand does a r i s e from an 
( 2 p * r ) - t w i s t spun k n o t , p r o v i d e d t h a t i=p^, and r i s not 
d i v i s i b l e by p; and i n t h e s e c a s e s , e i t h e r o f t h e two 
p o s s i b l e p a i r i n g s c a n be r e a l i s e d 
I n t h e c a s e o f a f i n i t e knot module M f a l l i n g i n t o one o f 
t h e two c l a s s e s o f t h e l a s t c h a p t e r , we w i l l a l s o run i n t o 
t h e q u e s t i o n o f whether e a c h o f t he a l t e r n a t i v e p a i r i n g s on M 
c a n be r e a l i s e d by m - t w i s t spun k n o t s . The above r e s u l t 
c o m p l e t e s the p r o o f t h a t a l l t h e p o s s i b l e p a i r i n g s c a n be so 
r e a l i s e d i f M c a n , i n the c a s e t h a t M i s i r r e d u c i b l e and so 
c y c l i c . I f we have found a d e c o m p o s i t i o n o f M i n t o c y c l i c 
summands s a t i s f y i n g t h e c o n d i t i o n s o f p r o p o s i t i o n 20, then we 
s h a l l show t h a t we c a n s p l i t o f f t he i r r e d u c i b l e summands 
which a r e a n n i h i l a t e d by powers o f ( 1 + t ) , i e . t h o s e which may 
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s u p p o r t more than one p a i r i n g , w h i l e l e a v i n g summands which 
s t i l l s a t i s f y t h e s e c o n d i t i o n s ; so the d i f f e r e n t p o s s i b l e 
p a i r i n g s w i l l o f f e r us no a d d i t i o n a l p roblems. 
Suppose t h a t one o f t h e summands i s o f t h e form A / I J * 
where I and J a r e two n o n - t r i v i a l i d e a l s . Both c l a s s e s o f 
f i n i t e modules s p l i t up a s sums of c y c l i c modules a n n i h i l a t e d 
by t h e i r r e d u c i b l e i d e a l s which a r e f a c t o r s o f t h e i r o r d e r 
i d e a l s ; so we must have A / I J =A/1 9 A / J . Suppose t h a t A / I 
i s one of t h e i r r e d u c i b l e modules which may s u p p o r t more tha n 
one p a i r i n g , so t h a t I w i l l be of t h e form ( p , ( t + l ) L ) i f M 
b e l o n g s to t h e f i r s t c l a s s , or ( p e , t + l ) i f M i s s e m i s i m p l e . 
We have s e e n above t h a t i f J[/I f a i l s to b e long t o an m - t w i s t 
spun knot then I w i l l f a i l t o s a t i s f y t h e norm-product 
c o n d i t i o n ( i i i ) above; and then I J w i l l f a i l t h i s c o n d i t i o n 
too, a s i n p r o p o s i t i o n 26. S i n c e A / I J i s p a r t o f a 
d e c o m p o s i t i o n f o r M c h o s e n so t h a t e a c h summand s a t i s f i e s a l l 
t h r e e c o n d i t i o n s o f p r o p o s i t i o n 20, t h e module A / I , t o g e t h e r 
w i t h any p e r m i s s i b l e p a i r i n g on the d i r e c t sum o f a l l t h e 
i s o m o r p h i c components o f M, a r i s e s from an m - t w i s t spun k n o t . 
I n p a r t i c u l a r , A / I s a t i s f i e s ( i ) - ( i i i ) ; i t o n l y r e m a i n s t o 
p r o v e t h a t A / J does too. I t must be a n n i h i l a t e d by t -1, a s 
A / U i s ; so J c o n t a i n s t w - l . Then; 
m 
\A/J\ = | A / ( J + ( t - 1 ) ) | = 
m 
A/(t -1) 
Tyvv J 
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and J s a t i s f i e s t h e norm-product c o n d i t i o n by c o r o l l a r y 25. 
I s a t i s f i e s ( i i ) , so 7T*, I i s g e n e r a t e d by a s e l f - c o n j u g a t e 
e l e m e n t ^ ; t h e n we may w r i t e any s e l f - c o n j u g a t e g e n e r a t o r o f 
Tf„IJ a s where i s i t s e l f s e l f - c o n j u g a t e , s i n c e t h i s 
i d e a l i s c o n t a i n e d i n T f o l . Then {$) C-K^J; and, i f we denote 
by njL t he c o m p o s i t i o n o f t h e n a t u r a l p r o j e c t i o n 
A / f t ^ - l ) ^ A / t f ^ ) w i t h the norm map i n t o t h e i n t e g e r s , t h e n 
we have; 
n K ) n (fi)=n (<*p)=N ( I J ) = N I.N J=n (<>0N J f o r a l l d|m, 
d d d d d d d d 
so N 6 ^ J ) = n ^ ( ^ ) f o r a l l d|m, a n d r r ^ J = ( f i ) by (A7) ; s o A / J does 
indeed s a t i s f y a l l t h r e e c o n d i t i o n s o f p r o p o s i t i o n 20. 
4.3 TWO EXAMPLES 
I t i s u s u a l t o break down t h e s t u d y of C l ( A m ) i n t o two 
p a r t s a s f o l l o w s . D e f i n e ^ to be t h e n a t u r a l p r o j e c t i o n 
A^- • >Z [^jj f o r d|m, where " ^ j ^ i s a p r i m i t i v e d t h r o o t o f 
u n i t y . The c o l l e c t i o n o f a l l t h e s e maps g i v e s us a 
homomorphism; 
C I (A ) * © C1(Z [% ] ) 
m d | m d 
and we d e f i n e the r educed c l a s s group D ( A m ) t o be t h e k e r n e l 
o f t h i s map. When we i n v e s t i g a t e s e l f - c o n j u g a t e i d e a l s , two 
d i f f e r e n t a p p r o a c h e s a r e used; i n the c y c l o t o m i c f i e l d s t h e 
o b j e c t o f i n t e r e s t i s the c l a s s group of the r e a l s u b f i e l d 
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®^<L+X<i) ' b u t * n t* l e r e ^ u c e ^ c l a s s group i t i s u s u a l t o look 
a t t h e subgroup D + g e n e r a t e d by s e l f - c o n j u g a t e i d e a l s , not 
w o r r y i n g about whether p r o s p e c t i v e g e n e r a t o r s a r e t h e m s e l v e s 
s e l f - c o n j u g a t e ( s e e [KM]). N e i t h e r approach i s i d e a l f o r our 
a p p l i c a t i o n ; however, i f an i d e a l o f Z can be g e n e r a t e d 
by s e l f - c o n j u g a t e g e n e r a t o r s , t h e n i t w i l l be g e n e r a t e d by a 
s i n g l e s u c h element i f i t s i n t e r s e c t i o n w i t h the r e a l 
s u b f i e l d i s a p r i n c i p a l i d e a l t h e r e ( s i n c e then i t s o r i g i n a l 
g e n e r a t o r s l i e i n the s u b f i e l d , and can be e x p r e s s e d a s 
m u l t i p l e s of t h i s s i n g l e g e n e r a t o r ) . The f o l l o w i n g r e s u l t 
g i v e s an i n s t a n c e where the u s u a l approach a n s w e r s our 
q u e s t i o n i n t h e s t u d y o f t h e reduced c l a s s group; 
P r o p o s i t i o n 2 7 / I f m i s odd, t h e n any p r i n c i p a l s e l f - c o n j u g a t e 
i d e a l I i n A.* c a n be g e n e r a t e d by a s e l f - c o n j u g a t e e l e m e n t . 
P r o o f Suppose I = ( y ) ; t h e n , s i n c e I i s s e l f - c o n j u g a t e , uy=y, 
where u i s a u n i t o f A . T a k i n g c o n j u g a t e s , uy=y; so u u = l . 
The image of u i n e a c h of t h e r i n g s Z f o r d|m must a l s o 
have u n i t p r o d u c t w i t h i t s c o n j u g a t e ; so, a s i n t h e p r o o f o f 
p r o p o s i t i o n 2.3 of [ B a ] , t h e s e images must a l l be r o o t s o f 
u n i t y . So i f p i s t h e p r o d u c t o f the o r d e r s o f a l l i t s 
images i n t h e s e r i n g s , then u^=l i n A^. By [Hig] , t h e o n l y 
r o o t s o f u n i t y i n Z (Z,^) a r e o f t h e form +x t, where x i s a 
g e n e r a t o r of Z^; and p r o j e c t i n g t h e e q u a t i o n y=uy down t o 
Z [ ^ ] = Z shows t h a t u=+x*- f o r some i . Now, s i n c e m i s odd, 
t h e r e e x i s t s a j s u c h t h a t 2 j = i (mod m); t h e n we have; 
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-|— ~ j _ " j 2 j j 
x J y = x y = x x y = x y 
and t h i s i s t h e r e q u i r e d s e l f - c o n j u g a t e g e n e r a t o r . // 
Now i f m i s a pr i m e , the n we know t h a t D(Ajl *s z e r o b v 
Rim's theorem ( [ M 3 ] , page 2 9 ) ; and i f i t i s a n o n - t r i v i a l 
power o f a prime p, then D + " ( ^ J = 0 i f and o n l y i f p i s a 
r e g u l a r prime ( [ K M ] ) . I n e i t h e r c a s e , i f t h e c l a s s number of 
th e r e a l s u b f i e l d o f Z f ^ ] i s o n e f ° r a H ^ d i v i d i n g m, then 
we know t h a t any knot module from e i t h e r o f our s p e c i a l 
c l a s s e s which i s a n n i h i l a t e d by t ^ - l , and whose c y c l i c 
summands s a t i s f y the norm-product c o n d i t i o n , b e l o n g s t o an 
m - t w i s t spun knot. I n ea c h c a s e we c a n i d e n t i f y t h e c y c l i c 
modules s a t i s f y i n g t h e norm-product c o n d i t i o n ; they w i l l be 
th o s e which c a n a r i s e a s summands o f modules o f m - t w i s t - s p u n 
k n o t s ; a l l t h e s e s a t i s f y t h e c o n d i t i o n by p r o p o s i t i o n 26. 
So, f o r the f i r s t c l a s s , i f f ( t ) i s a f a c t o r (modulo p) of a 
c y c l o t o m i c p o l y n o m i a l ^ ^ t ) / and f i s coprime t o l>^/f 
(mod p) , t h e n A / ( P f f ) i s a d i r e c t summand o f .A/(p,§jj by 
(A6 ) ; and t h e l a t t e r module may a r i s e from a ( d r ) - t w i s t spun 
c y c l o t o m i c knot p r o v i d e d p does not d i v i d e r , from t h e work 
i n s e c t i o n ( 2 . 3 ) ; and s o A / ( P f f ) must s a t i s f y t h e 
norm-product c o n d i t i o n w i t h m=dr. I f f d i v i d e s b ut i s not 
coprime to ^ / f (mod p) , then d must be d i v i s i b l e by p t o 
g i v e a s q u a r e f a c t o r (mod p ) . I f qv i s a power o f an 
i r r e d u c i b l e (mod p) p o l y n o m i a l d i v i d i n g both f and Tj^^/t, t h e n 
Is/iPr^) w i l l f a i l t h e norm-product c o n d i t i o n f o r m d i v i s i b l e 
- 75 -
by d, u s i n g the method of t h e example i n the l a s t s e c t i o n ; so 
A / ( p , f ) must a l s o f a i l , by p r o p o s i t i o n 26. The s e m i s i m p l e 
c a s e w i l l be s u s c e p t i b l e t o s i m i l a r a n a l y s i s ; but we s h a l l 
not burden the r e a d e r w i t h the c a l c u l a t i o n s . So we may 
c o m p l e t e l y s o l v e the q u e s t i o n o f which modules and p a i r i n g s 
i n our two s p e c i a l c l a s s e s which a r e a n n i h i l a t e d by t -1 f o r 
m prime or a power o f an r e g u l a r prime a r i s e from t w i s t spun 
k n o t s , p r o v i d e d t h a t the r e a l s u b f i e l d o f the mth c y c l o t o m i c 
f i e l d has c l a s s number 1; and t h u s t h e problem o f which 
( 2 q ) - k n o t s h a v i n g modules w i t h t h e s e p r o p e r t i e s so a r i s e f o r 
any q>4, remembering t h a t t h e c a s e where q was even p r e s e n t e d 
no problems so long a s m was odd, a s we saw i n the d i s c u s s i o n 
l e a d i n g up t o p r o p o s i t i o n 21. A l l prime powers w i t h <J>(m)^ 66 
s a t i s f y t h e s e c o n d i t i o n s ; and i f the g e n e r a l i z e d Riemann 
h y p o t h e s i s i s t r u e , then any prime powers w i t h <)>(m)^162 do, 
by [vdL] ; but the r e a l s u b f i e l d o f A / ( $ . . J has c l a s s number 
d i v i s i b l e by 4. 
We now g i v e two examples of r i n g s c o n t a i n i n g 
n o n - p r i n c i p a l p r o j e c t i v e i d e a l s , which l e a d t o k n o t s w h i c h 
f a i l t o be t w i s t - s p u n b e c a u s e o f t h i s f a c t . 
Example 1/ L e t p ( t ) be a p o l y n o m i a l o f d e g r e e 7 which i s 
i r r e d u c i b l e modulo 3. Z a [ t ] / ( p ( t ) ) i s t h e f i e l d of o r d e r 3 , 
and i t s e l e m e n t s a l l s a t i s f y x*v-x=0 where n=3 7; i n p a r t i c u l a r 
we have, modulo 3; 
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n 
p ( t ) | t - t = t ( t - l ) ( t + l ) $ ( t ) J ( t ) 
1093 ^2186 
a s 3 7 - l = 2 . 1 0 9 3 , and 1093 i s prime. S i n c e p i s o f d e g r e e 
s e v e n , i t must d i v i d e one of t h e l a t t e r two f a c t o r s modulo 3 
and as t h e c o r r e s p o n d i n g c y c l o t o m i c f i e l d s a r e the same, we 
assume w i t h o u t l o s s o f g e n e r a l i t y t h a t i t d i v i d e s $, a» W e 
c o n s i d e r t h e module A / I , where; 
I = ( 3 , p ( t ) p ( t ) ) = ( 3 , p ( t ) ) ( 3 , p ( t ) ) by ( A 4 ) . 
T h e r e a r e 1092/7=156 d i f f e r e n t i r r e d u c i b l e f a c t o r s o f 
modulo 3, which a r e a l l coprime modulo 3. So a p p l y i n g (A6) 
and (A4) we have; 
4 / ( 3 , $ ( t ) ) a ®Jl/(3,p ( t ) ) 
1093 i 
where t h e p-L a r e the i r r e d u c i b l e f a c t o r s . Now the module on 
t h e l e f t comes from an m - t w i s t spun knot f o r any m d i v i s i b l e 
by 1093 but n o t by 3, a s we saw i n s e c t i o n ( 2 . 3 ) . T h e r e f o r e 
f o r t h e s e v a l u e s o f m, t h i s module s a t i s f i e s c o n d i t i o n s ( i ) 
and ( i i i ) o f p r o p o s i t i o n 20; and p r o p o s i t i o n 26 shows t h a t 
e a c h summand must do so too ( g i v i n g the p r o m i s e d example of 
c y c l i c module s a t i s f y i n g ( i i ) w h i c h s p l i t s up i n t o a d i r e c t 
sum of c y l i c s not s a t i s f y i n g t h i s c o n d i t i o n ) ; i n p a r t i c u l a r , 
A . / I s A / ( 3 , p ) © A / ( 3 , p ) does. We s h a l l , however, show t h a t 
t h e p r o j e c t i o n o f t h e i d e a l I i n t o Z [ \ ] , where ^ i s a 
p r i m i t i v e 1093rd r o o t o f u n i t y , i s n o t p r i n c i p a l , so I does 
not s a t i s f y c o n d i t i o n ( i i ) . 
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The e x t e n s i o n Q(^):Q i s o f d e g r e e <|>(1093) =1092; so the 
r e a l s u b f i e l d Q(| + $~') i s of d e g r e e 546 o v e r Q. T h e r e i s , 
t h e r e f o r e , a unique s u b f i e l d of d e g r e e 2, w h i c h must be 
Q(J 1093) , a s 1093 i s t o t a l l y r a m i f i e d i n QC£):Q. The r i n g o f 
i n t e g e r s i n Q(J 1093) i s Z [ ( l + / 1 0 9 3 ) / 2 ] , s i n c e 1093=1 (mod 4) ; 
and the i d e a l (3) f a c t o r i s e s i n t o p r i m e s a s ; 
(3) = ( 3 , (l+/nT9~T)/2) ( 3 , (l-/T09~3~)/2) 
I n Z["$] t h i s i d e a l s p l i t s f u r t h e r a s t h e p r o d u c t o f a l l t h e 
i d e a l s ( 3 , p - ( ^ ) ) by [ L a ] , page 27, or by lemma A4. The 
i d e a l s ( 3 , p ( ^ ) ) and ( 3 , p ( ^ ) ) l i e over the same prime i d e a l i n 
Q ( y 1 0 9 3 ) , s i n c e t h i s f i e l d i s t o t a l l y r e a l . So, w i t h o u t l o s s 
o f g e n e r a l i t y , we may assume; 
_ i 
N ( 3 , p p r t ) ) = ( 3 , (1+/TTT5D/2)) 
Q ( ^ ) : Q ( / m T ) 
f o r some i ; and s i n c e ; 
14 
N ( 3 , p p ( t ) ) 
Q($):Q 
and N ( 3 , (1+J 1093)/2) = (3) 
Q(J1093) :Q 
we s e e t h a t i=14. Now, i f t h e i d e a l (3,pp("|)) were 
p r i n c i p a l , then so would any norm o f i t be, g e n e r a t e d by the 
norm o f a g e n e r a t o r . I n p a r t i c u l a r , so would 
( 3 , (1+J 1 0 9 3 ) / 2 ) l < f be; and s i n c e Z [ (1+ /I093*)/2] has c l a s s 
number 5 [B&S], t h i s i d e a l i s p r i n c i p a l i f and o n l y i f 
( 3 , (1+/1093)/2) i s . T h i s i n t u r n i s e q u i v a l e n t to t h e 
e x i s t e n c e of i n t e g e r s x,y s u c h t h a t ; 
(x+yJ1093) (x-yJ1093)=±3 <s=» x 1--1093y 2 =+12 
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and we s h a l l show i n t h e appendix t h a t no such i n t e g e r s c a n 
be found, so t h a t I c a n n o t s a t i s f y c o n d i t i o n ( i i ) . I n d e e d , 
s i n c e I p r o j e c t s to a n o n - p r i n c i p a l i d e a l o f Z [ ^ ) , t h e c l a s s 
o f Tr,^  I l i e s o u t s i d e D iA^) / a s d e s i r e d . 
Example I I / F o r a module whose o r d e r i d e a l b e l o n g s t o a 
non-zero c l a s s w i t h i n the red u c e d c l a s s group, we t a k e m=190, 
The c y c l o t o m i c f i e l d s Q C J ^ f o r d|m a l l have r e a l s u b f i e l d s 
w i t h c l a s s number 1, by [ v d L ] ; s o p r o v i d e d our o r d e r i d e a l , 
c o n t a i n i n g t , , 0 - l , c a n be g e n e r a t e d by s e l f - c o n j u g a t e 
e l e m e n t s , a l l i t s p r o j e c t i o n s i n t o t h e s e c y c l o t o m i c f i e l d s 
w i l l be p r i n c i p a l , and g e n e r a t e d by s e l f - c o n j u g a t e e l e m e n t s . 
We w i l l i m p l i c i t l y be u s i n g M i l n o r ' s M e y e r - V i e t o r i s sequence 
( s e e [RU2],[M2]) f o r the C a r t e s i a n s q u a r e ; 
190 f. 
A / ( t -1) = A 
m 
f 
m 
where R = V ( J j ), and S=A/ ( f ^ ,t|r ) ( ^ ^ = ^ - 1 ) 
aA / ( ? r t 8 . < t-i ) 5 £ J f i ( i ) < $ „ . , { j <im.iS9) ($IHA^ ( A 4 ) 
S A / < 1 9 ' f j ®A/(5,J i B) © A / ( 2 , ^ y ) (A6) 
We name t h e s e t h r e e components o f S S t 1 , S r , and 
r e s p e c t i v e l y . The i d e a l we w i l l look a t i n A.* w i l l be the 
p u l l b a c k of t h e r i n g R and an i d e a l i n Z [ ^ ] , where £w 
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i s some s y m m e t r i c p o l y n o m i a l ; t h a t i s t h e s e t o f e l e m e n t s x 
i n A „such t h a t f ((x) € (and f£x)& R) ; and we denote 
t h i s i d e a l by I . I f I were p r i n c i p a l , g e n e r a t e d by an 
element S", the n f (S) and f^S") would g e n e r a t e ( A ( ^ ) ) and R 
r e s p e c t i v e l y ; so we s h o u l d have; 
f ,(S> = u, .A<$„) u « 0 ( Z [ ^ J ) 
and f j _ ( 5 ) = u^e U(R) 
S i n c e the s q u a r e commutes, we would have; 
h (u ) h (A($ ) ) = h f (S) = h f (£) = h (u ) 
2 1 2 m 2 1 1 2 1 2 
.'. h (A{$ ) ) = h (u ) .h (u ) £ im v|r 
2 m 1 2 2 1 
where vjr :U(Z ])XU(R) • U(S) 
m 
i s g i v e n by (v ,v ) s* h (v ) h (v ) 
1 2 2 1 1 2 
We s h a l l show, however, t h a t vjr i s not s u r j e c t i v e , and t h a t i f 
A i s c h o s e n s u i t a b l y i t s p r o j e c t i o n t o S w i l l l i e o u t s i d e t h e 
image, so t h a t I c a n not be p r i n c i p a l ; and we s h a l l do t h i s 
by examining the c o m p o s i t i o n o f ^ w i t h t he p r o j e c t i o n S — * S t . 
Now, 4>(95)=deg(3> )=72; and the G a l o i s group P(Q(£ ):Q) i s 
U(Z ) a u ( z )©U(Z ) = Z ®Z . 
95 5 19 4 18 
So the element s e n d i n g a p r i m i t i v e r o o t t o i t s s q u a r e has 
o r d e r a t most 36; and we may e a s i l y check t h a t i t i s e x a c t l y 
36. When we work modulo 2, t h i s e l e m e n t g i v e s us t h e 
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F r o b e n i u s automorphism; and s i n c e i t has o r d e r 36 i t s p l i t s 
up the r o o t s o f u n i t y i n t o two o r b i t s , whence J s p l i t s up 
as a p r o d u c t o f two i r r e d u c i b l e p o l y n o m i a l s mod 2. S i n c e 
2 ?-l (mod 9 5 ) , the s e t o f e l e m e n t s o f t h e form J + has 
j u s t one o r b i t under t h i s a c t i o n ; t h e c h a r a c t e r i s t i c 
p o l y n o m i a l f o r a g e n e r a t o r $ 4 5 + ^ 5 - i s t h u s i r r e d u c i b l e mod 2, 
and the two f a c t o r s o f < F ^ ( m 0 ( 3 2) must be m u t u a l l y c o n j u g a t e , 
b e i n g f and f~, s a y . So we may w r i t e ; 
S sA/(2,f) ®A/(2,f) a V9W say 
L e t p be the p r o j e c t i o n S *V. Remembering t h a t 
S =K/ ($|<|0»$ ff ) t we can s e e t h a t p«|r may be f a c t o r e d through 
U(Z [ $ W o ] )XU(Z [ ^ ] ) . S i n c e 5 q f f»f (mod 2 ) , we may i d e n t i f y 
the images o f t h e s e two u n i t groups; and then a l l t h e 
e l e m e n t s i n the image o f pijr come from u n i t s o f Z [ ^ | < t o ] v i a the 
map p h x . By S i n n o t t ' s r e s u l t ( [ W ] , page 1 4 7 ) , and the f a c t 
t h a t t h e r e a l s u b f i e l d of Z [T£ ] has c l a s s number one, t h e 
u n i t s o f Z [ ^ J a r e a l l c y c l o t o m i c u n i t s , which means t h a t the 
image o f p h x i s g e n e r a t e d by e l e m e n t s ± ^ 1±."5 > a n d 
l ± ^ r t o g e t h e r w i t h t h e i r G a l o i s c o n j u g a t e s . L e t T denote 
the image of i n V; we s h a l l show t h a t t h e images o f t h e s e 
e l e m e n t s a r e a l l c u b e s o f e l e m e n t s i n V. 
V i s a f i n i t e f i e l d , so i t s u n i t group V\0 i s c y c l i c of 
o r d e r 2 -1. T i s of o r d e r d i v i d i n g 190 i n t h i s group, so i s 
c e r t a i n l y a cube, as t h r e e d i v i d e s 2 3 6 - 1 but not 190. We 
t r e a t t h e o t h e r t h r e e images a s f o l l o w s . 
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( i ) 1+T. L e t T=RP, where R i s a p r i m i t i v e 19th r o o t o f u n i t y , 
and P a p r i m i t i v e 5 t h r o o t . Then we have; 
( 2 3 6 - l ) / 3 ( 4 4 8 - l ) / ( 4 - l ) 
(1+T) = (1+RS) 
1+4+...+4 
= (1+RS) 
4 4 4 , ? 
= (1+RS)(1+R S ) . . . ( 1 + ( R S ) ) ( s i n c e we work mod 2) 
4 -1 16 4 1 7 -1 
= (1+RS)(1+R S )(1+R S ) . . . ( l + R S ) 
k 1 -1 4 -16 4 1 7 
= S R (S+R ) (S+R ) (S+R ) . . . (S+R ) 
17 
f o r some i n t e g e r s k , l . B u t -1,4,-16,...,4 form a c o m p l e t e 
s e t o f non-zero r e s i d u e s (mod 1 9 ) ; so t h i s e x p r e s s i o n i s 
e q u a l t o ; 
k L k 1 18 
S R J (S) = S R (1+S+...+S ) 
19 
k-1 L 2 3 4 
= S R s i n c e 1+S+S +S +S =0 
Now t h i s must be a cube r o o t o f u n i t y ; s o k = l and 1=0, and 
1+T must be a cube i n V. 
5 
( i i ) l+T . T h i s w i l l have t h e same o r d e r a s 1+R. Now; 
1+4+... + 4 1 7 4 4* 7 
(1+R) = (1+R)(1+R )...(1+R ) 
1+4+... + 4 1 7 -1 -4 -4* 7 
= R (1+R )(1+R )...(1+R ) 
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and, s i n c e R i s a 19th r o o t o f u n i t y , the power of R on the 
'7 
r i g h t i s e q u a l to one. The numbers 1,4,...,4 do not form a 
<\ 
c o m p l e t e s e t o f r e s i d u e s modulo 19, a s 4 =1; but, s i n c e the 
17 '7 r e s i d u e -1 i s not among t h e s e , 1,4,...,4 ,-1,-4,...,-4 do 
form a c o m p l e t e s e t ; so the s q u a r e o f t h e above e x p r e s s i o n i s 
e q u a l t o (|>(^(1)=1; and s i n c e s q u a r i n g d e f i n e s t h e F r o b e n i u s 
automorphism, the e x p r e s s i o n i t s e l f i s e q u a l t o one, a s 
d e s i r e d . 
19 
( i i i ) l + T . T h i s w i l l have the same o r d e r a s 1+S; S i s a 
p r i m i t i v e 5 t h r o o t o f u n i t y , and <{>£- i s i r r e d u c i b l e (mod 2 ) ; 
so t h e o r d e r o f 1+S must d i v i d e the o r d e r of t h e u n i t group 
of Z z [ ^ f ] which i s 15; and s i n c e the o r d e r o f t h e u n i t group 
of t h e f i n i t e f i e l d V i s d i v i s i b l e by 27, 1+S must be a cube 
of a u n i t i n V. 
So we have shown t h a t Im p ^ c v 3 . B u t s i n c e h ^ i s onto, we 
c a n f i n d an element d o f Z ] which maps to a cube o f a u n i t 
i n V, a u n i t which i s n o t a cube i n W, and the i d e n t i t y 
e l e m e n t s o f S | C | and S5-. Then dd g i v e s a s e l f - c o n j u g a t e e l e m e n t 
of Z f f ^ J s u c h t h a t h x ( d d ) i s a u n i t o u t s i d e Im v|r. The i d e a l 
(dd) f a c t o r i s e s i n t o i d e a l s o f t h e form (p L,A;,)f where p a r e 
r a t i o n a l p r i m e s , and t h e &' Lare sy m m e t r i c p o l y n o m i a l s 
d i v i d i n g $ (mod p . ) ; a l l of t h e s e a r e p r i n c i p a l , a s 
mentioned above, and a t l e a s t one, s a y ( p , A ) , must have a 
s y m m e t r i c g e n e r a t o r mapping t o a u n i t o f S o u t s i d e Im ^ The 
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p u l l b a c k i d e a l I w i l l t h e n be g i v e n by (p,A(*))» where x i s 
t h e image o f t i n A^ ,; t h i s p r o j e c t s onto R, s i n c e p c a n n o t 
d i v i d e 190 i f a g e n e r a t o r o f (p,&(£,J) i s t o map onto a u n i t 
o f S. Then the knot module A / ( p , A ( t ) ) c a n n o t a r i s e from a 
t w i s t - s p u n k n o t , s i n c e ( p , A ( x ) ) i s not p r i n c i p a l i n A^. On 
the o t h e r hand, A / 1 i s c l e a r l y a n n i h i l a t e d by t l < u > - l ; and 
|A/I | a a 7 T N * 1 ' b y c o r o l l a r y 25, u s i n g t h e f a c t t h a t ( p , A ( t ) ) 
i s a f a c t o r o f ( P r " F ^ ( t ) ) , which f o l l o w s from (A4) . 
Modules which f a i l to belong to t w i s t spun k n o t s b e c a u s e 
o f t h e p r o j e c t i o n o f t h e i r o r d e r i d e a l ' s not b e i n g p r i n c i p a l 
i n y\„ l e a d t o examples where we have been u n a b l e t o d e c i d e 
whether a module may belong t o a t w i s t spun k n o t . Suppose we 
have an i d e a l I whose p r o j e c t i o n t o Aw, i s not p r i n c i p a l , but 
such t h a t A / I i s a f i n i t e knot module a n n i h i l a t e d by t -1 and 
s a t i s f y i n g t h e norm-product c o n d i t i o n . By the 
J o r d a n - Z a s s e n h a u s theorem, the p r o j e c t i v e c l a s s group o f 
i s f i n i t e ; s o t h e r e e x i s t s an i n t e g e r n s u c h t h a t I A p r o j e c t s 
t o a p r i n c i p a l i d e a l of .A*; and i f t h i s h a s no s e l f - c o n j u g a t e 
g e n e r a t o r , t h e n i t i s not h a r d t o s e e t h a t I w i l l have one 
( i n t h e examples above we would t a k e some n d i v i s i b l e by 5 
and 3 r e s p e c t i v e l y ) . Then a d i r e c t sum o f n or 2n c o p i e s o f 
A / I w i l l be a module s a t i s f y i n g a l l t h e c o n d i t i o n s o f 
p r o p o s i t i o n 13 and c o r o l l a r y 14; but i t i s d i f f i c u l t t o s e e 
how t h i s module might be r e a l i s e d by a t w i s t - s p u n k n o t . 
C e r t a i n l y , i t c o u l d not belong t o the t w i s t - s p i n of a knot 
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whose module was a sum o f c y c l i c s , s i n c e e ach s u c h summand 
c o u l d o n l y g i v e r i s e t o a s i n g l e summand o f the f i n i t e 
module. I t might be p o s s i b l e t o u s e some o f t h e r e s u l t s o f 
[ L I ] to w r i t e down an a d m i s s i b l e p r e s e n t a t i o n m a t r i x f o r t he 
knot module of an o d d - d i m e n s i o n a l s i m p l e knot w i t h t h e r i g h t 
t w i s t s p i n ; but I can t h i n k o f no way of doing t h i s . 
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5 TORSION FREE KNOTS 
I n t h i s c h a p t e r k w i l l be a s i m p l e ( 2 q - l ) - k n o t whose 
e x t e r i o r has i n f i n i t e c y c l i c c o v e r K. I f L i s the i n f i n i t e 
c y c l i c c o v e r o f the e x t e r i o r o f i t s m - t w i s t s p i n , t h e n we 
have the M i l n o r e x a c t sequence; 
1 
0 * H (L) • H (K) — > H (K) > fl (fT) • 0 
q+1 q q q 
We s h a l l be i n t e r e s t e d i n the c a s e where H ^ L ) t u r n s out 
t o be Z - t o r s i o n f r e e . The s i m p l e even d i m e n s i o n a l k n o t s 
s a t i s f y i n g t h i s c o n d i t i o n have been c l a s s i f i e d f o r q>4 i n 
[ K 2 ] , a s below; 
L e t (L) = fl ( L ) / 2 . H (L) f o r i=q,q+l 
i i i 
T\ (L) = 7T ( L ) / 2 . T T (L) , 
q+1 q+1 q+1 
and l e t p ( L ) : H (L) »"lf (L) denote t h e q u o t i e n t map. 
q q iVjq 
Then t h e r e i s a s h o r t e x a c t sequence o f P-modules; 
l(L)z 0 > J( (L) ] \ (L) — ^ J{ (fT) > 0 
q q+1 q+1 
where r = Z 1 [ t , t ' ' ] , H i s i n d u c e d by the Hurewicz homomorphism, 
and Si i s induced by t h e map; 
60 : H (L) » TC (L) 
q q + i 
w h i c h t a k e s t h e homology c l a s s o f a q - c y c l e , w h i c h w i l l be 
homologous t o a q - s p h e r e Z by the Hurewicz isomorphism 
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theorem; and t a k e s i t i n t o the homotopy e q u i v a l e n c e c l a s s o f 
t h e c o m p o s i t i o n of the n o n - t r i v i a l e lement o f K^tiZ) w i t h the 
i n c l u s i o n Z.c * L . T h e r e a r e a l s o two n o n - s i n g u l a r 
h e r m i t i a n p a i r i n g s d e f i n e d on t h e s e P-modules; 
<,> : & (L)X Jt (L) » G/p 
q+1 q 
i n d u c e d by the B l a n c h f i e l d d u a l i t y p a i r i n g , where 1"^  i s t h e 
f i e l d o f f r a c t i o n s o f P; and; 
[,] rJT (L)X7T > r?/p 
q+1 q+1 
w hich i s r e l a t e d t o the f i r s t p a i r i n g by; 
[ u , f t ( v ) ] = <H(u),v> f o r a l l u € / | (L) , 
q+1 
A l l t h e s e p i e c e s o f i n f o r m a t i o n t o g e t h e r d e f i n e an a l g e b r a i c 
o b j e c t ( X ( L ) ,H^(L) ,p^, [,],<,>) c a l l e d an F-form; and C h e r r y 
K e a r t o n i n [K2] shows t h a t two s u c h k n o t s a r e e q u i v a l e n t i f 
and o n l y i f t h e i r F-forms a r e i s o m e t r i c , i e . t h e i r e x a c t 
s e q u e n c e s \ a r e c o n n e c t e d by maps which make up a commutative 
diagram, which a c t a s i s o m e t r i e s of t h e two p a i r i n g s , and 
which commute w i t h the p r o j e c t i o n maps p^. A s p e c i a l s o r t o f 
F-form i s s i n g l e d out by him i n [ K 3 ] ; i f the sequence ^ i s 
s p l i t , so t h a t t h e r e e x i s t maps i , j such t h a t ; 
0 > (L) >f\ (L) (M > 0 
q+1 q+1 q 
i s a s h o r t e x a c t sequence w i t h j J L = i d , H i = i d ; and i f the 
image of i i s s e l f - a n n i h i l a t i n g under [ * ] f t h e n we s a y t h a t 
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t h i s F-form i s h y p e r b o l i c . I n [K3] i t i s shown t h a t any 
s i m p l e spun knot has a h y p e r b o l i c F-form; and t h a t i f a 
t o r s i o n f r e e s i m p l e ( 2 q ) - k n o t has a h y p e r b o l i c F-form, and 
A l e x a n d e r modules which c o u l d a r i s e a s t h e A l e x a n d e r module 
o f a s i m p l e ( 2 q - l ) - k n o t k, then the knot i s e q u i v a l e n t t o t h e 
s p i n of j<, p r o v i d e d a g a i n t h a t q>4. U n f o r t u n a t e l y , t h e 
geometry has prov e d too i n t r a c t a b l e t o g i v e s u c h a p o w e r f u l 
c h a r a c t e r i z a t i o n o f m - t w i s t spun k n o t s ; we c an however show 
t h a t a t o r s i o n - f r e e m - t w i s t spun knot which i s Z - t o r s i o n f r e e 
and s i m p l e w i l l have a h y p e r b o l i c F-form p r o v i d e d m i s odd by 
u s i n g t h e f o l l o w i n g p u r e l y a l g e b r a i c r e s u l t ; 
P r o p o s i t i o n 2 8 / I f the a n n i h i l a t o r i d e a l o f M=yj" (if) i n P, 
w h i c h must be p r i n c i p a l s i n c e P i s a PID, i s g e n e r a t e d by a 
s q u a r e f r e e p o l y n o m i a l , then t h e F-form o f a t o r s i o n - f r e e 
s i m p l e knot _1 whose e x t e r i o r h a s i n f i n i t e c y c l i c c o v e r 1? w i l l 
be h y p e r b o l i c . 
P r o o f As r i s a PID, M c a n be e x p r e s s e d a s a d i r e c t sum 
ffi P / ( f - ) , where t h e f u a r e p o l y n o m i a l s i n P; s i n c e t h i s 
module i s a n n i h i l a t e d by a s q u a r e f r e e p o l y n o m i a l , the f^ c a n 
be c h o s e n to be i r r e d u c i b l e . Then i t i s c l e a r t h a t any 
submodule of M i s i n f a c t a d i r e c t summand, and the sequence 
\ ( L ) must s p l i t , so t h a t ; 
M = J L ( | £ ( L ) ) ® N s a y , where N = l £ ( i f ) , 
q q+1 
Choose a b a s i s (aj.) f o r IL(^d ( L ) ) , so t h a t t h e au g e n e r a t e t h e 
% 
c y c l i c submodules P / ( f ' ) . By B l a n c h f i e l d d u a l i t y , we c a n 
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e x t e n d t h i s t o a b a s i s ( . . , a ^ b ; , . . ) o f M, where b; 
g e n e r a t e s P / ( f j ) . On the s u b s p a c e a n n i h i l a t e d by an f^ s u c h 
t h a t f ^ f L , the p a i r i n g [,] must be h y p e r b o l i c by [M2] ; on a 
s u b s p a c e a n n i h i l a t e d by an f't s u c h t h a t f ^ f ^ , we may e x p r e s s 
the p a i r i n g by a m a t r i x ; 
0 
B 
where A i s n o n - s i n g u l a r ( a s a m a t r i x over the f i e l d P / [ f i ) ) 
s i n c e [,] i s , and t h e r e a r e z e r o e s i n t he top l e f t hand 
q u a d r a n t b e c a u s e ; 
[fl(x) »&(y) 1 = <HA(x) , (y) > 
= <0,y> a s %(Z) i s e x a c t 
= 0 f o r a l l x,y £ j£^(L) 
Our problem now i s to change the b a s i s f o r t h i s submodule 
so t h a t t h i s m a t r i x comes i n t o h y p e r b o l i c form, i e . B becomes 
z e r o ; t h i s i s e q u i v a l e n t t o f i n d i n g a m a t r i x V s u c h t h a t ; 
B - VA - A T V T = 0 
Now, a s M i s the homotopy module o f a knot, t-1 must a c t a s 
an automorphism; so we must have f ' t ( l ) = l , and f t may be 
r -r 
w r i t t e n i n t he form t +.. + l + . . + t . Adding fj. t o t h e d i a g o n a l 
e l e m e n t s of B i f n e c e s s a r y , we may r e p r e s e n t B a s ; 
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d b b . . . b N 
1 12 13 I n 
b d b . . . b 
12 2 23 2n 
b b d . . . . 
13 23 3 
« o a • 
• • • 0 
a • • • 
b b d 
^ I n 2n n ^ 
where d^=d^ has no c o n s t a n t term, and so c a n be w r i t t e n a s 
c ^ + c - o Then B^+C*, where C i s ; 
' c b b . . . b \ 
1 12 13 I n 
c b .. . b 
2 23 2n 
0 
-1 
Then we may s e t V = CA , a g a i n c o n s i d e r i n g t h e s e a s 
over the f i n i t e f i e l d P / ( f ^ ) . So t he p a i r i n g [,] can be 
e x p r e s s e d i n t h i s h y p e r b o l i c form, w i t h z e r o e s i n t he top 
l e f t and bottom r i g h t q u a d r a n t s o f i t s m a t r i x ; and i t i s 
e a s y to s e e how t h i s m a t r i x may be used t o d e f i n e a 
s p l i t t i n g o f t h e sequence ^ ( f ) w hich shows t h a t t h e 
n 
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F-form i s h y p e r b o l i c . // 
I n t h e c a s e of an m - t w i s t spun knot f o r m odd, theorem 8 
i m p l i e s t h a t tn=l when c o n s i d e r e d a s a map o f t h e f i b r e of 
t h e t w i s t s p i n ; and t h i s f i b r e has t h e same homology and 
homotopy modules a s t h e i n f i n i t e c y c l i c c o v e r . S o 7 X ( L ) i s 
a n n i h i l a t e d by t ^ - l , which has no r e p e a t e d f a c t o r s modulo 2 
s i n c e i t i s coprime t o i t s d e r i v a t i v e modulo 2. 
U n f o r t u n a t e l y , of t h e c o n d i t i o n s o f p r o p o s i t i o n 13 and 
c o r o l l a r y 14, the c o n d i t i o n t h a t t h e module of an m - t w i s t 
spun knot must be a n n i h i l a t e d by t ^ - l i s t h e o n l y one t h a t 
has any f o r c e i n the t o r s i o n - f r e e c a s e ; t h i s i s due t o a 
r e s u l t o f K e r v a i r e ( [ K e ] , Lemme 11.12) whi c h shows t h a t any 
t o r s i o n f r e e A -m°dule s a t i s f y i n g the L e v i n e axioms p o s s e s s e s 
a s q u a r e p r e s e n t a t i o n m a t r i x , so a u t o m a t i c a l l y has an o r d e r 
i d e a l w h i c h i s p r i n c i p a l ; and t h e f a c t t h a t t h i s i d e a l must 
be g e n e r a t e d by a s e l f - c o n j u g a t e e l e m e n t f o l l o w s from the 
f a c t t h a t i t must be a Z - t o r s i o n f r e e module w i t h t-1 a c t i n g 
a s an automorphism and a n n i h i l a t e d by t ^ - 1 . A l s o , t h e f a c t 
t h a t t h e knot must be f i b r e d a l s o f o l l o w s from t h i s 
c o n d i t i o n , u s i n g Browder and L e v i n e ' s f i b r a t i o n theorem 
( [ B L ] ) , a s t he A l e x a n d e r p o l y n o m i a l must be a p r o d u c t o f 
c y c l o t o m i c p o l y n o m i a l s d i v i d i n g t ^ - l , and t h u s monic. 
We c o n j e c t u r e t h a t the F-form o f any Z - t o r s i o n - f r e e 
t w i s t - s p u n s i m p l e knot w i l l a l w a y s be h y p e r b o l i c , a s i s t h e 
c a s e f o r spun s i m p l e k n o t s ( [ K 3 ] ) ; but i t seems r a t h e r h a r d 
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t o d e r i v e the F-form from t h e module and p a i r i n g o f t h e 
o r i g i n a l ( 2 q - l ) - k n o t k. As we saw i n the p r o o f o f 
p r o p o s i t i o n 28, i t would s u f f i c e t o show t h a t t h e sequence 
"^(L) s p l i t ; and, a s P i s a PID, we would j u s t have t o e x p r e s s 
t h e c o n s t i t u e n t modules a s sums of i r r e d u c i b l e c y c l i c s i n 
o r d e r to d i s c o v e r whether or not t h i s happens. The s t r u c t u r e 
o f t h e modules i s d e t e r m i n e d by M i l n o r ' s e x a c t sequence; 
and i t i s not h a r d t o s e e t h a t i f the module TTij,*/ had the 
same a n n i h i l a t o r i d e a l i n P a s t h e s e , then t h e sequence would 
have to s p l i t . I n an a t t e m p t t o f i n d o u t how t h e s e i d e a l s 
a r e r e l a t e d , we need t o look a t the geometry o f the 
s i t u a t i o n . 
F i r s t l y , we i n t e r p r e t M i l n o r ' s e x a c t sequence a s s o c i a t e d 
w i t h the m-fold c y c l i c c o v e r t h e e x t e r i o r o f t h e knot k, 
w h i c h has t h e form; 
^ d /~ t* 4~ 1 ^ " 0 • H (K ) > H (K) * H (K) > H (K ) > 0 
q+1 m q q q m 
E l e m e n t s of H^R^) can be r e p r e s e n t e d by the p r o j e c t i o n s o f 
q - c y c l e s i n H ^ f K ) ; how can we r e p r e s e n t an e l e m e n t a o f 
H ^ f K ^ ) whose image d ( a ) i s a n n i h i l a t e d by t ^ - l ? The 
homotopy modules of K a r e t r i v i a l i n d i m e n s i o n s below q; s o 
by the Hurewicz theorem, we can r e p r e s e n t d ( a ) by a s p h e r i c a l 
q - c y c l e a s u c h t h a t ( t ^ - l j a bounds a " c y l i n d r i c a l " 
( q + 1 ) - c h a i n homeomorphic to s'fyl, s i n c e t h e two end s p h e r e s 
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a r e nomotopic. When we p r o j e c t down to K^, t h e ends j o i n up, 
and we g e t a " t o r o i d a l " ( q + 1 ) - c y c l e t, which may be s e e n t o 
r e p r e s e n t the d e s i r e d e l e m e n t o f H^ *, (K^) • 
To r e l a t e t h i s t o t h e sequnce J ( L ) a s s o c i a t e d w i t h t h e 
m - t w i s t s p i n 1 o f k, remember t h a t t h e f i b r e F , which i s 
homeomorphic t o the b r a n c h e d c y c l i c c overK minus an open 
b a l l , o f 1 i s homotopy e q u i v a l e n t t o LspXJt, so we may w r i t e 
t h i s sequence a s ; 
XI H 
< ( K ) : 0 ( K > ^ T T ( R > » } £ < K ) * 0 
m q m q+1 m d q+1 m 
To f i n d an element o f TT^+|(Krv) p r o j e c t i n g by H t o the e l e m e n t 
o f 4 < r e p r e s e n t e d by t , t a k e a p a t h p:s' > t s s*XS* 
r u n n i n g once round the S 1 f a c t o r ; when we add t h e 2-handle t o 
Kjvv t o form Krt, t h i s p a t h w i l l bound a 2 - d i s c ; and i f we 
p e r f o r m an ambient s u r g e r y on Z whose c o r e i s t h i s d i s c , we 
w i l l g e t a ( q + 1 ) - s p h e r e r e p r e s e n t i n g t h e same homology c l a s s , 
and which w i l l d e f i n e an a p p r o p r i a t e element o f 7T^+|(K^) • 
T h i s element i s by no means unique; we c o u l d a l t e r i t by 
adding any element o f >il(^{. (j(K | n) ) r which would c o r r e s p o n d t o 
a d d i n g , i n the o r d i n a r y homotopy group T C ^ K ^ ) i an e l e m e n t 
r e p r e s e n t e d by a h o m o t o p i c a l l y n o n - t r i v i a l map from t h e 
( q + 1 ) - s p h e r e t o a q - s p h e r e i n K m. I f we want t o show t h a t 
t h e sequence ^ s p l i t s , t h e n we would need t o choose t h i s 
e l e m e n t i n some c a n o n i c a l way f o r each g e n e r a t o r o f » 
and t h e n we would have t o show t h a t i t was k i l l e d by t h e same 
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e l e m e n t s o f P. 
i 
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Appendix A 
Throughout t h i s s e c t i o n d e n o t e s Z [ t , t ~ ' ] , f,g,h denote 
p o l y n o m i a l s i n JS>, and I , J , K denote i d e a l s o f A. . We d e f i n e 
the r e s u l t a n t o f two p o l y n o m i a l s ; 
r r-1 m 
f ( t ) = a t +a t +...+a t 
r r-1 m 
s s-1 n 
and g ( t ) = b t +b t + +b t 
s s-1 n 
where none o f a ,b ,a f b i s z e r o , t o be the d e t e r m i n a n t ; 
r s m n 
a a 
r-1 r 
m 
m 
a b 
r n+1 
n 
m n 
where t h e r e a r e r+s-m-n columns and rows. We l i s t some 
p r o p e r t i e s o f the r e s u l t a n t , w h i c h we w r i t e R ( f , g ) ; f o r 
p r o o f s s e e [vdW]. 
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( R l ) I f {o^ t},{p>j} a r e the s e t s o f r o o t s o f f ( t ) , g ( t ) 
( e x c l u d i n g z e r o ) , t hen; 
s-n r-m-r—r 
R ( f ,g) = a b / \ (oC - ^ ) 
r s i , j i j 
s-n = a 7"V<* } 
r i 
(R2) R ( f , g ) = 0 i f and o n l y i f f and g have a common f a c t o r 
w h i c h i s not a u n i t o f A. 
(R3) R ( f , g h ) = R ( f , g ) . R ( f , h ) . 
(R4) T h e r e e x i s t p o l y n o m i a l s p,q s u c h t h a t ; 
p ( t ) f ( t ) + q ( t ) g ( t ) = R ( f , g ) 
(R5) The r e s u l t a n t o f two s y m m e t r i c p o l y n o m i a l s o f even 
degree i s a p e r f e c t s q u a r e . 
P r o o f I f f,g a r e two s u c h p o l y n o m i a l s , we c a n w r i t e 
-n -1 -m -1 
t f ( t ) = F ( t + t ) , t g ( t ) = G ( t + t ) 
where n,m a r e i n t e g e r s , and F,G a r e i n t e g e r p o l y n o m i a l s . 
t h e r o o t s o f g ( t ) a r e {oCi) , we have; 
-1 
R ( f , g ) = r \ f « * ) i~\r(ot+oc ) 
x i i i 
B u t , s i n c e g i s s y m m e t r i c , t h e r o o t s o c c u r i n r e c i p r o c a l 
p a i r s ; and the 'are p r e c i s e l y the r o o t s o f G. So we 
have; 
R ( f , g ) = ( R ( F , G ) ) X a s d e s i r e d // 
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pq 
(R6) R ( f , g ) = (-1) R ( g , f ) , where p=deg f , q=deg g. 
The f o l l o w i n g lemmas a s s i s t i n the m a n i p u l a t i o n of 
^ - m o d u l e s ; 
Lemma A l / I f a t l e a s t one o f f and g has f i r s t and l a s t 
c o e f f i c i e n t s e q u a l t o +1, then we have; 
| »g) I = | R ( f f 9 ) I 
P r o o f [We] // 
Lemma A 2 / I f I and J a r e coprime i d e a l s ( i e . I + J = / V ) f t h e n 
I J = I n J . 
P r o o f I f i£. I , j <= J , t h e n i j £ I and i j «= J ; so I J c I 1 J . 
C o n v e r s e l y , suppose x e l o J . S i n c e I+J=A» we c a n f i n d 
afe I , b 6 J s u c h t h a t a+b=l; t h e n we have; 
x = x(a+b) = ax+xb 6: I J // 
Lemma A 3 / I f M=A/I, then M/J.M = A / I + J 
P r o o f Check t h a t t h e sequence; 
0 > I . (A/J) — * A / J > A / u + J ) — * 0 
where t h e maps a r e e i t h e r t h e o b v i o u s i n c l u s i o n or s u r j e c t i o n 
i s e x a c t ; e x a c t n e s s a t t h e middle term f o l l o w s b e c a u s e ; 
x + ( I + J ) = ( I + J ) <=> x = i + j f o r some i I , j £ J 
<=> x+J=i+J f o r some i e I 
<=> x + J = i . ( l + J ) I . ( A / J ) // 
Lemma A4/Suppose we have I+J+K=A; t h e n ( I + J ) ( I + K ) = I + J K . 
P r o o f ( I + J ) ( I + K ) = I ^ + I J + I K + J K = I ( I + J + K ) + J K = I+JK // 
We w i l l use t h i s lemma most o f t e n when I , J , K a r e p r i n c i p a l 
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i d e a l s ( f ) , ( g ) , ( h ) . I n t h i s c a s e , (f,g»h)=A i f a r>y two o f 
the p o s s i b l e r e s u l t a n t s o f t h e s p o l y n o m i a l s a r e coprime; f o r , 
by ( R 4 ) , R ( f , g ) must a n n i h i l a t e j \ / ( f , g ) ; s o i n t h i s c a s e 
^ / ( f , g , h ) w i l l be a n n i h i l a t e d by two coprime i n t e g e r s . 
Lemma A5/There i s a C a r t e s i a n s q u a r e ; 
f' A 
f, 
A/J »A/I+J 
i e . A / I a J = { ( x , y ) £A/I © A/J : h t x = h,y} 
P r o o f D e f i n e the maps by; 
f, : x+ (I f \ J ) i > x+I 
fL: x+(I/\J) i * x+J 
h,: x+J i *• x + ( I + J ) 
h^: x+I i »> x + ( I + J ) 
Then t h e r e i s an e x a c t sequence; 
( f" f2- ) * P * 
* A / i f t J » A/i®A/J • A/i+J — • o 
where p (x+I ,y+J) = h ^ ( x + I ) - h ,(y+J) =x-y+ ( I + J ) , a s may be 
c h e c k e d . // 
C o r o l l a r y A 6 / I f I + J =A, then A/* J s -H./I ® A/ J 
P r o o f A2 and A5. // 
Lemma A 7 / I f K j a r e i d e a l s o f f i n i t e index i n A ^ = Z ( Z W ) , and 
n ^ I d e n o t e s t h e p o s i t i v e g e n e r a t o r o f the norm o f t h e 
- 98 -
p r o j e c t i o n o f I i n t o Z l^jj > then njj. ^  n<jj f o r a l l d d i v i d i n g 
m, and 7~~[n I = J~\n I i f f I = J . 
d | m d d | m d 
P r o o f The f i r s t a s s e r t i o n i s c l e a r , a s i s t h e " i f p a r t o f t h e 
second. I f n ^ I > n ^ J f o r some d d i v i d i n g m, we c e r t a i n l y have 
n j ^ I ^ n j ^ J ; so t h e r e i s an e l e m e n t i n the p r o j e c t i o n o f J i n t o 
Z f ^ ] which i s not i n the p r o j e c t i o n of I ; and t h i s e l e m e n t 
must be p r o j e c t e d from an e l e m e n t o f J not i n I . // 
Lemma A 8 / I f d e n o t e s t h e c o m p o s i t i o n of the p r o j e c t i o n 
^ •Z [ ^ j j w i t h the norm map i n t o t h e i n t e g e r s , then 
t*jj£ ( t ) ) = R ( f 
P r o o f By ( R l ) , R ( f ) = ( ^ ) = N ( f ( t ) ) . // 
d (a,^3 i d 
F i n a l l y , we prove the f o l l o w i n g n u m e r i c a l r e s u l t which we 
make use of i n c h a p t e r 4; 
To Prove t h a t x 1-1093y x=+12 has no s o l u t i o n s i n t h e i n t e g e r s . 
P r o o f I f (u,v) were a s o l u t i o n , then so would (+u,+v) be; s o 
we may assume u,v>0. Then, (u+v/1093)(u-v/1093)=±12; and 
s i n c e t h e l a r g e s t v a l u e o f +.u+v/l093 i s t a k e n when both s i g n s 
a r e p o s i t i v e , we c a n s e e t h a t u+v7l093>>/12. L e t 
f=33+/I093, f ' = 33- /nT9~3~; f f ' = - 4 , and i f we had u+v/TW3"> fSf, 
t h e n s + t J T M T = -(u+v/1093) (33-71093)/2 a l s o has 
s a - 1 0 9 3 t ^ = + 1 2 , but; 
( i ) s+tVToTT < u + v J I W ? 
and ( i i ) s+t/TOTT > - / ? f f ' / 2 = -JTT 
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so s+t/1093 would r e p r e s e n t a s m a l l e r s o l u t i o n , a g a i n w i t h 
s , t>0, s i n c e s+t,/1093>,/l2 i m p l i e s t h a t t h i s h a s t h e l a r g e s t 
v a l u e among the numbers +s+tp.093. s and t must both be 
i n t e g e r s , s i n c e i n o r d e r f o r u and v t o s a t i s f y t h e above 
e q u a t i o n , they must e i t h e r both be even or both be odd. So 
by c o n t i n u i n g t h i s p r o c e s s , we w i l l f i n d a s o l u t i o n (u,v) 
w i t h ; 
jrz < u+vyi093 < yr.f 
F i n a l l y , i f u*-1093v a=-12, l e t s+t/1093 = 
(u+v^T093) (33->/l093)/2; t h e n s z - 1 0 9 3 t x =12, and ( | s | , | t | ) 
g i v e s a s o l u t i o n (u,v) w i t h u,v>0 and; 
u 2--1093v 1=12 =*> u<v^7J9T 
and /L2 < u+v/L093 < 73. f = > 2u < >/3.f 
u < (JT/2) . (33+^1093) < 34/3" < 70 
B u t ua*=12 (mod 1093) ; so u=+162 (mod 1093) , whic h g i v e s us 
c o n t r a d i c t i o n . // 
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